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On the Hyperelliptic Sigma Functions. 

By H. F. Baker, St. John's College, Gambridge. 



Introduction. 



It is known of what importance for the development of the theory of elliptic 
functions is the equation 

a^{u)a^{v) du^ ^ dv^ ^ 

It becomes therefore a matter of interest to enquire whether an analogous equa- 
tion holds for higher cases. Denoting a theta function with half-integer charac- 
teristic A by 3'(m; A), and a theta function whose characteristic is the sum of 
the half-integer characteristics J., B, by S-(m; AE), it is known that there exist, 
in the general case of Abelian functions, ii?(j) -f- 1) equations of the form 

g^^^ log ^ (« , A) -2, 6, -g^^^— -j^ , 

wherein A is an arbitrary characteristic, P^ is one of a group of 2^' characteristics 
over which the summation on the right side is to extend, C> is a constant, and 

%, Uj are any two of the p arguments m^, u^ (Frobenius, Crelle LXXXIX, 

1880). These equations furnish ip{p+ 1) conditions for the expression of 
the 2» — 1 quotients y{u; APr)/^^{u; A) in terms of functions of the form 

^ — = — ^logS'(M; A). If these equations were capable of solution, we might 

expect, by means of the addition equation of the theta functions, to be able to 
obtain the function ^ (m-|-« ; A)^{u — v; A)/y{u; A)y{v; ^) in terms of func- 

tions g — ^— log ^ (w ; Jl). Except in case ^= 2, in which ^p {p-}-l)=: 3 = 2'' — 1, 
40 
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it is not however obvious* that the equations are capable of sohition. It is there- 
fore of interest, and it is the final (though not the only) purpose of this paper 
to prove, that in the hyperelliptic case, fw any value of p, the required expression 
can he effected. To be more precise, it is shown below, that if Qi he any one of a 
certain group of 2^ characteristics, then, in the hyperelliptic case 

can he expressed as an integral polynomial in the p [p + 1) functions 

I have desired to arrive at this result, starting only from the general results 
associated with Riemann's theory of Abelian functions, and without assuming 
properties for which, though in some cases their general character is already 
well known, I was not able to give a precise reference to the existing literature. 
In some cases, to save space, I have ventured to give references to my recent 
book on Abelian functions; these references are printed thus, [B. 25], An 
analysis of the steps of the argument which leads to the final result, is prefixed 
to the development. The formulae in Nos. VII and VIII of this analysis would 
also appear to be of importance in the theory of the hyperelliptic theta functions. 

Analysis. 

I. — Of the method of the paper. 

We suppose the fundamental algebraical equation to be 

f = 4P{x)Q{x), 

wherein Q (x) = (a? — Ci){x — c^) .... (a; — Cp){x — c) , 

P {x) = (jc — ai){x — ag) . . . . (a; — a^) , 

that is, we suppose one of the branch places to be at infinity. We suppose the 
cross lines of the Riemann surface, by which we pass from one sheet to the 
other, to be c^ai, c^a^, . . . . , G^a^,Ga, where a denotes the branch place at 

* Apart from the general theorems announced by Weierstrass, Crelle, LXXXIX, 1880, p. 7, from 
which such a result was to be expected. 
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infinity, and we call c^, %, c^,, a^, . . . . c^, a^, c, a, the ascending order of the 
branch places; we do not however suppose the quantities Cj, aj, etc., to be real 
The dissection of the surface, whereby it is changed into the i?-ply connected 
surface on which the Abelian integrals are single valued, is taken to be that 
denoted by the annexed diagram. Other methods of dissection are discussed 
below; from the discussion the reasons for the adoption of this method will 
appear. 




Fig. a. 



[The period of any Abelian integral at a period loop is the constant by 
which the value of the integral on the side of the loop which is on the left when 
the loop is described in the direction of the arrow-head exceeds the value of the 
integral on the other side. The loops themselves are called by the letters 
(&i), (ai), .... here placed in brackets. The loops (aj), [a^, .... are called the 

first, second, .... period loops of the first kind, the loops (&i) , (5a) are 

called the first, second, .... period loops of the second kind. In the figure 
p — 2 pairs of loops are not shown.] 

The finite branch places, taken in the ascending order, are frequently 
denoted, respectively, by h^, b^, 63, 64, ... . Sg^.i, h^^, b^p+i- ^^ some cases, how- 
ever, where no misunderstanding can arise, a batch of Jc finite branch places, 
taken in the ascending order but not necessarily beginning with the branch 
place q, is denoted hy bi, b^, . . . . , b^. 
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It is known that any one of the 2^ theta functions arising from the funda- 
mental algebraic equation 

y^ = {x, l)3p + 3 = /(«;) 

is associated with a decomposition of the integral polynomial f{x) into two 
factors, in the form 

in what follows we are primarily, though not exclusively, concerned with those 
2P functions which arise for all decompositions in which 4'?+^"'"^'^ has a fixed 
factor of order p-\- \, namely, the factor which we have denoted by Q {x) . Cf. 
below. No. VII of the Analysis. 

II. — Of two signs depending on the dissection of the Riemann swface. 
If 

^;_l/'2'^_.l /S*!' S'Si • • • • > 9.p\ K'= A 1 "^ = i ( ^2t • • • • ) n'p\ 

be two characteristics of half-integers, we use (after Frobenius) the abbreviations 
I Q, K\ =ts.qrK-qX), (I) = <5r- 



r=l 



Further, h denoting any one of the 2p-f- 1 finite branch places, and 26),., j, 2^^, i 
denoting the periods of an integral of the first kind, ul' ", at the ^-th period loops 
respectively of the first and second kind, if 

(so that, as is known, ^i, ^'^ are integers), we put 

-=i(f)- 

In regard then to the 2p -\-l half-integer characteristics, B, thus arising, it 
is important to consider the values of the two quantities 

wherein Bf, Bj are any two of the 2p -\-l characteristics in question. The origin 
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of these two quantities will be seen in the two following Nos. HI, IV respec- 
tively. These signs may be replaced by the single one 



but this is practically not very convenient. 

III. — On the fundamental radical functions. 

On the 2>-ply connected dissected Riemann surface upon which the Abelian 
integrals are single valued, there exist 2j) + 1 single valued functions, of which 
the squares are the 2j> + 1 functions x — h, h denoting any one of the finite 
branch places. Supposing the values of y to be beforehand allocated to the 
places of the Riemann surface, they shall be defined by the facts, (i) that at 
infinity the ratio of any two of them is unity, (ii) that their product is equal 
to \y. We denote them by the symbols Vx — h. We are then able to define 
the symbols VS^ — bj as the value of Vx — bj at the place bi. With this defini- 
tion we are able to prove the equation 



Vbi — bj = Vbj — bi . e*"' I ^*' -^y I , 
which holds for any method of dissection of the Riemann surface. 

IV. — Of the expression of a certain theta-quotient. 

If Mf' ", «*!' " be a system of linearly independent integrals of the first 

kind, and, as usual, Oj, . . . . , a^ being the branch places before described, 

ttr = <" "' + . . . • + Wr"' \ (»•= 1. 2, . . . . , ^) 

then the theta quotient 

^^u\B,Bi)^\u) 
y{u\B,)^^{;u\B;) 

is equal to / Bi\r i>\iiV ^i V 

K B, P* - *^) i ^2.(0.. - b,){x, - bj) F' (x.) t ' 

where F{^) = (« — a;i)(iK — x^ • • • • ipo — a^) • 

(Cf, for instance, Bolza, American Journal, XVII (1895), where, however, the 
sign of the right side is not made precise.) 
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Y. — 0/ the dissection of the Biemann surface. 
It is possible to take the period loops, on the Riemann surface, so that, 
wh^n i '^j, the value of each of the quantities \Bi, 5,|, ( Jj shall be indepen- 
dent of i and/. This is manifestly a convenience. These two quantities are 
however independent ; it is possible to choose dissections in which their values 

form any one of the four combinations (+ 1 , + !)> ( — 1. — 1)) (H" 1 > — 1)) 
( — 1 , + 1) . We adopt as our standard method of dissection one in which when 

\B„Bj\ = -\Bj,B,\ = + l, 

(l;)=-(t) = + - 

Then we have, when i >•/, 

\^bj — bi= — iVbi — bj, 

y {U I B,) 3^ {U I Bj) - ^"^ ^^^ I l4{{Xr - b,){Xr - b,) F' (x,) J * 



VI. — Resulting preliminary formuloe. Introduction of sigma-functions. 

r, 



Let ^r-«._ r'af-Hx 



y 

and let the value, when the arguments Ui, u^ are zero, of the expression 

^ ■ ,„^ ,, rJ-+«. j- + .... +ar'^V(wK). 

3(0) «/v//'(ar)/4 va«i ' ' awg ' ' ' dupj ^ ' ^^' 

wherein A^ is the half-integer characteristic associated with the half-period u'^' "" , 
be denoted by Jl^; herein, as always in what follows, i\^f'(ar)/4: is written to 

denote 

is/a^ — Ci Vay — % voT— Cj .... V«r — c. 



the symbols Va^ — Cj, etc., being as in No. Ill ; then, for a proper determination 
of the sign of the denominator, we have 



„ _ ( - ly-WP' jar) _ V(- If-^P' (ar) 



(tV/ (a,)/4)^ (V(- l)^^-^'- + y' (a,)/4)* 
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where V P' (Ur) denotes 



V^r <»1 Va^ Clg . . . . 't/Ur — a„ , 



the symbols V^r — «i. etc., being as in No. Ill, and \/( — i)3>-»"P' (a,.) denotes 



Further we have 



3(«) -*(V(— lf^-«'-+y'(a,)/4> {Wf{ar)/4y ^ ^ '^P'iarY 



where 



\/( — 1)'' '■+^i''(a,.) = Vttr — «i • . • • Va,. — X-r-i Vajy — a,. . . . . Vxp — of^t 



VF(ar) z= fs/a^ — aji . . . . Va,. — ajp ; 



we have previously (No. Ill) defined the sense in which the symbols V« — h 
are used ; it is convenient also, as here, to introduce symbols denoted by Vft — a- ; 
we define then the symbol V6 — x, wherein h is any one of the 1p -\- \ finite 
branch places, by the equation 



Va — h = — i\^b 



X. 



Such formulae as these have of course been given before (e. g. Konigsberger, 
Crelle, LXIV (1865), for the case when the branch values c^, aj, Cg, . . . . are 
real) ; but, I think, without the precise determination of the signs of the square 
roDts involved which is necessary for the deductions to be drawn in this paper. 

Further, B^, B,, denoting as before the characteristics associated with the 
half-periods «"' *'•, w*' *», and B^B^ denoting the sum of these characteristics, 
without reduction, we put 

IMA^fllM- ./T, — rJiV yi I 

^{u\b;)^{u\b,)-''^'^'^ ""^^ H^^i>^{x,-h;){x,-b,)F' {x,)y 

where &,.~ h^ is written, instead of 6^ — ^»> to denote that in the ascending order 
of the branch places, \ has a higher place than hg, and s^, , is a square root of 
unity, in fact defined by this equation, which we do not determine. 
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Then we find, if ^r, s = Cr, « Vi^ ~ 6,, a notation which will be frequently 
employed, that 

^{u\B,)^{u\B,)^{u\B,) ''^■^^^'^'''■''\\Z,^(x,-K){x,~b,){x,-b,)F>{x,)r 

It is to be noticed that ^,, g = ?,, d etc., as follows from the definition. 

We now suppose 5,, b^, Z»« to be chosen from the branch places %, . . . . , Op ; 
and we introduce the definitions 

(T, (u) = a, 3 (w I A,)/^ (0) , 
a,. ,(u) = -p^^{u\ 4 A)/3 (0) , 

wherein J.,, is the characteristic associated with the half-period «*'<"■, and J.^^, 
denotes the sum of the characteristics J.,., A^, without reduction, etc. Then, 
bearing in mind that the argument u^ is given by 

a.— 7— +••••+ j,-^r" ' (^^ = 1 -•••.. i>) 

we find that the first terms in the expansion of cr,. (w) in a series of integral posi- 
tive powers of %,.... , u^ are the linear terms which may symbolically be 
denoted by 

|— ^, =(^ — ai)(^ — aa) {^ — %), 

' =p-i-f Ap-« + Ap-3-f . .. . +^^_i, say, 

provided we replace the powers of the symbolical quantity ^ according to the 
definitions 

that is, the linear terms are 

Mj, + A-iUp_i 4- J.2Mp_g +••••+ Af^-jUy. 

Similarly the first terms in the expansion of a^^ ^ {1^) are linear terms given, 
symbolically, by 

= Up_i + BjUp_^ + B^Up^s + . . . . -f- Bp_^Ui ; 
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and the fii'st terms in the expansion of Or, s. t iyi) are quadratic terms given sym- 
bolically by 

where ,^s P(g) 

^^^^ (|-a,)($-a,)(^-a,)' 

and, after the division has been carried out, we are to replace the equivalent 
symbols ^, ^' according to the laws 

f-i = M,= f-\ .f = t,,= |'°. {i=l,2,....,p) 

The function ^^(m) is one of p functions; the function Gr,s{u) is one 
of ip {p — 1) functions ; the function c,., j^ t (w) is similarly one of i p {p — l)(jo — 2) 
functions. 

These expansions show that the functions agree with the hyperelliptic sigma 
functions considered by Klein. C£ Burkhardt, Math. Annal., XXXII (1888), 
p. 442. 

Vlt. — New expression of tJieia /unctions of three or more suffixes in terms of 

functions of one or two suffixes. 

Let 5i, ^2, . . . . , Sgn+i be any finite branch places, taken in any order ; let 
the notation being as before, and put 

Vl2 .... fc ^^ bl, 3 il, 3 S2, 3 Si, 4 S2, 4 b3, 4 • • • • Si, fc S3, I; • • • • Sft-1, h ] 

let the suffixes 1, 2 , 2n be divided into two sets ?'i, . . . . , ?*„ and s^, . .. , s^, 

and put 

-0„ = (&^. — &,J . . . . (^, — IrXK — K) (^. — K) (K-i — K) ' 

K = (K —K) — (K — ^B„)(^8» — K) — (K — K) — (^»„-i— ^*,.) ; 

then, if 3'], 2 .... J (u) denote S' {u \ B^B^ .... B,^ , where B^ . . . , B,, denotes the sum, 
without reduction, of the half-integer characteristics associated with the half- 
periods m"' *',...., «*"' **, we have the theorem 



^"-^(«)^12....2«(W) 



41 



'Pr„ », > 4*r„ Sj » • • • • > 'Pr„ «„ 
^r„ 8, » 4'rj, 8j 1 • • • • ) ^rj, s„ 

^••n. «I ' ^'•«. 8, > • • • • ) 4''-„, S„ 



Vl2... 



3« 



i>n^„ 
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Further, if the suffixes 1, 2, .... , 2w + l be divided into two sets r^, . . . , r„ 
and Si, . . . . , s»+i, and Z)„ be defined as before, but 

K+i = K {K - KJiK - KJ ""(K- KJ . 

then we have the theorem 



^r^, s, > ^r„ Sj) • • • • > 4*ri, «„ + i 
4*r„, 8, > 4>r„, Sj > ^r„, «„ , j 



Via....2«4-1 
Dn^n + X 



In these equations ^^^ is written for 3- [u \ B,^ , and ^r, g foi" ^r, » (^') • 

We now suppose the branch places Jj, . . . . , Sg^+i to be chosen from among 
the places a^ , a^; and we put 



'12 ...in 



+ lW 



3(0)' 



<S{u) 

ox.....^{u) - (-1) -^^-^^ §:(o) . 



Vl3....2»4-1 



3(0) 



wherein J.^ . . . . J.2„ denotes the sum of the characteristics associated with the 
half-periods w"' "', . . . . , w"'""", and 2?i+ 1 is supposed not greater than p, so 
that we define, hereby, 2^ sigma functions. Then we find 



0^"-"(^^).ffl2....2„(^) = 



^n^n 



<'''•„ «, (W) , • . . . , Cfr„ s„ (m) 
<'r„,s. (m). , <^r„, s„(w) 

and a" (tt) cTu .... ra^ + i^ (m) = cr,.,, «, (?t) , cr,.,, ,^^^ {v) 

These expressions bring into evidence the fact that ^^....^(m) vanishes to order 
|&, or 4(^+1), when the arguments Mj ,Up are zero, according as li. is 



^»^» + 1 
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even or odd; and they show that the first terms in the expansion of o'i2....3„(ti) 
in powers of t*i, . . . . , Wpj-are those given symbolically by 

— r 4» (?i) • • • • ^ {D ^ (^1' . ?«)> 

it • 

where ^[^) — P (^)/(^ — a^) (^ — a^^) , A (^i , , ^ J denotes the product 

of the squares of the difierences of ^i, . . . . , ^„, and, after the divisions have 
been carried out, we are to replace the powers of the equivalent symbols 
^1, ^„ according to the law expressed by 

£-=»'• i'=-- C=J; 2; ::::;;) 

Similarly, with 4) (^) = P (^)/(^ — a^ • • • • (^ — «2» + i)) the first term in the 
expansion of Cja .... 2« + 1 {u) is given by 

fa 4- 1) I ^ (^1) ••• •^'(^n+O^C^i' ••• • .^» + i)- 

Cf. Burkhardt, Math. Anna!., XXXII (1888), p. 442. The function Cig ....2„(m) 
has the ' algebraical characteristic ' given by 

^"^ ^ ' {x — a^ .. .. {x — dgj ' 

^^ + ^ + "'=Q{x).{x — a,) .... (x-a,^), 

and the function Cia.... (3n + i) (w) the algebraical characteristic given by 

^'^ (x — ai) . .. . {x — a^n 4- 1) 

^p + i + !ii'- — (x — a) Q{x){x — (h) '" ' (a; — «a» + i)- 



YIII. — New expression for the square of a theta fimction of three or more suffixes 
in terms of the squares of functions of one and two suffixes. 

It is known that the skew symmetrical determinant of 2n rows and 
columns, of which the {i, jf^ element a^, ^ is such that «{,.; = — a,-, i , a^, j = , is 
the square of a rational polynomial of degree n in the elements of the determi- 
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nant ; this polynomial — called by Cayley a Pfaffian — we denote by (123 ... . 2n)\ 
it may be defined by the equation 

(12.... 2?i) = aj2 (34 . . . . 2ra) — ajg (245 . . . . 2n) 



+ «i4 (235 2n) — .... + ai, a„ (23 . . . . 2,n — 1), 

where w = 2, 3, 4, . . . . 

With this notation we have the theorem expressed by the two following 
equations 

3''<"-" {u) . ^fa .... 3„ (m) = (12 . . . . 2n), 

^'"(«).^f2....,2» + i) in) = (012 . . . . 2» + 1), 

where, if S^, .... , b^^i be any finite branch places, and Bj^B^ . . . . B^ denote 
the sum (without reduction) of the characteristics associated with the half- 
periods m"' *■,••••> *«"' ^' . 

^^^....u{u) = ^{u\B,B,....B^), 
as before, and 

«y = ^l(**) when *<i, ai^=:—^%{u) when » >/, 
«o, i = ^\iu) , a<, = — ^i(«) . 

These equations enable us to express the quotient S'?2....i,(m)/S^ («), in 
which ^>2, as a rational integral polynomial in the \p{p-\-Ti) quotients 
mn)l^'{u), ^%{u)/^\u). 

In the applications which are here to be made of these expressions the 
branch places hi, . . . . , b^n + i will be chosen from among aj, . . . . , a^. 



IX. — On an addition equation for the hyperelliptic theta functions and the 

resulting proof of the expressions of the quotients ^^ (u\Ai)/^^ (u), 

^^{u\AiA,)/^^(u) by means of functions Pr.si'^)' 

Let Ai denote the half-integer characteristic associated with the half-period 
w"' "', and let Q denote any one of the group of 2^ characteristics formed by the 
addition of 0, 1, 2, . . . . , ^ of the characteristics Ai, . . . . , A^. Further, let 
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Then we have the addition equation (given by Konigsberger, Orelle, LXIV) 

Q 

Now suppose that in this equation, for small values of the arguments v, both 
sides are expanded in powers of these arguments, and the coefficients of the 
quadratic powers of these arguments on the two sides of the equation are equated 
to one another. As follows from No. VII, the only terms on the right side 
wherein the lowest powers of the arguments v are not of higher degree than the 
second are those involving functions of one and two suffixes. The left side is 
equal to 

Hence we obtain ^p (p -j- 1) equations whereby the ^p (p + 1) quotients 
^^ (m I ^,)/S-^ («) , ^^ {u \ AiAj) I ^^ (u) are expressible linearly by the functions 

Utilizing the results of No. VI to solve these equations, we find, if 



that 



^MAl— 1 fro +. r«^lai-i 



where, with the meaning explained in No. VI, 



M, = Wf (a,)/4 , (r = 1, 2, p) 

and a,. ~ a, is written instead of a^ — «» to indicate that in the ascending order 
of the branch places ai, . . . . , Op, a,, has a higher place than a,, or in other 
words, that r>-s. 

Eesults of this form have been given before. See, for instance, Wiltheiss, 
Math. Anual., XXXI (1888), p. 417, and Bolza, American Journal, XVII (1895), 
and the references to Brioschi and others there given. 
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In these equations, and in the previous Nos. of this Analysis, the function 
S' (m) is that given by 

00 00 

^C* .... ^^gOu^ + inivn + wrn' 



71,= 00 »„ = 00 



where vi, . . . . , Vp are Riemann's normal integrals of the first kind, the periods 
of Vr being 

vn denotes Vin^ +••••+ v/ip, tn^ denotes 22% %w,-, (*,/=!, .... , p) , av? 
denotes 22ayMi?/y, (*', y = 1 , 2, .... , p), wherein a^j = a^^, and the \p [p -\- 1) 
quantities a^ j are those occurring in the equation 

where JJ^^" is Riemann's normal elementary integral of the third kind, and 
F{x, z) is any symmetrical integral polynomial in x, 2, of degree^ + 1 in each, 
which satisfies the equations 

The coefficients Cj_ ^ are determinable by the fact that 

where the meaning is that after the division on the right-hand has been carried 
out (as is always possible), we are to put 

^{-^ = u, = ^l-\ e, = u,= ^t' (»=1, 2, p) 

In particular we may take each of Cij to be zero. 

X. — A fundamental theorem. 

If Q be used, precisely as in No. IX, to denote one of a certain group of 2f 
characteristics, then we have the theorem 

^{u + v\Q)^{u — v\Q) 

rational integral polynomial 9^ , «i / 1 /^\ 9^ i ^ ^ \ /-i\ 
m the ^(p+ 1) functions dutduj = ^ ' '^^ 3^^ 3^;^- 

This follows immediately by combining the results of Nos. VIII and IX. 
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Two examples may be given; let o'i2....j;(w) denote the function defined in 
No. VII ; then 

(a) for » = 2 , if / >, 9* i ^ / \ 

we have 

- "''Kt ^'I'^'^t^ ""^ = ^n {y) - 9n (v) + K + «. + o..)(^i. {^) - 9n {v)) 

t>lS W "12 \") 

+ («i«s — Ci2)(fe (w) — «f>2s («)) + j?ai (w) fe («) — 9ii {v) 9n ('") • 
In particular, when, with 

fix) = a|^ + ^ = 4 (x^ + 5 J.ia^* -|- 10 ^a;^ + IOA3X* + S^^x + J.5) , 

we take, as we may, 

J?'(a;,2!)=2< + i< + \ 

we find (*! + «2 + % = — 2J.1, ajag — c^^ = J.^ ; 

and when, with 

fix) = 4x^ H- ;i4a;* + ;i3a;^ + %^^ ■\-'^iX + ^, 

we take, as we may, with \ = 4 , \ = , ;i, = , 

p+i 

8=0 

we find ai-\- a^ -f- ^22 = , ajOf^ — Cjg = . 

(/?). For_p=3,if 

we have 

gl28 (^ + V) gl33 (^ — -?^) 
+ [jfai (») — F2I (t?)] [«'28 (m) — 8»33 (V)] — fc («*) — fe («J)] [iPsi (W) — F3I («)] • 

Equations of this form, in each of which there occurs only one function, and 
its second logarithmic derivatives, appear to be of importance, not only for 
the theory of theta functions, but also for the general theory of periodic func- 
tions of several independent variables. 
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Of the functions of u occurring on the right side of these equations, every 
p ■\- 1 are connected by an algebraical relation ; and they can all be expressed 
rationally by means of p + 1 functions having the same periods, and so con- 
nected. The discussion of these properties is reserved* — here the expressions 
are given in the form in which they naturally present themselves in the first 
instance. 

On the Hyperelliptic Sigma Functions. Development. 

Section I. — Preliminary lemma. 

A certain factorial function in general. 

I. On any Riemann surface, dissected to a p-'ply connected surface in the 
ordinary way, by (a)-cuts or period loops, and (6)-cuts or period loops, there 
exists one and only one single valued function satisfying the conditions, (i) of 
being infinite to the first order, with a residue equal to + 1 , at an arbitrary 
place c, (ii) of vanishing to the first order at an arbitrary place z, (iii) that its 
value shall be the same at any two opposite points of an (a)-cut, while its value 
at a point on the left or positive side of a (b)-Gut, say (pr) , shall be e^ri^S " times 
its value at the corresponding point of the right side, ■yf ",.... , Vp' " being 
Riemann's normal integral of the first kind. 

That there cannot be two such functions is clear, since their quotient would 
be a single-valued function without factors at the (a) and (b) cuts, and without 
infinities, and having the value unity at the place c. 

While, on the other hand, if ^ be a properly chosen quantity, independent 
of a;, and 11^;^ be Riemann's normal elementary integral of the third kind, with 
z and c as infinities, chosen so as to vanish at the place k, the function is clearly 

given by Ke^'.' • 

There are reasons however why this form is not convenient ; we therefore 
introduce another. Let 

where nu denotes Wi% -f- . . . . + npU^, tv? denotes XXi^ijUinj, and the summation 
is in regard to each of % , .... % over all integers from — oo to + °° ; further, 

* lAdded, September, 1898. The reader may refer to a note in the Proceedings of the Cambridge 
Philosophical Society, May Term, 1898 (vol. IX, Part IX)]. 
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let \S1 be any odd half-period, that is, a set of p simultaneous half-periods, of 
which one element is given by 

k{£i)i = 8i-\-ti^is[+ .... +ri,j,s;, {i— 1, 2 ,p) 

then, assuming as known the fact that the function of x expressed by 
©(■»*•* -|- \£i) has^ zeros of the first order, one of them at the place z and the 
others independent of z, and has no infinities, the factorial function in question 
is clearly given by 

fix- z ds - ^(^ +^^) ^ , 

V 

wherein ^(Dwi),,©,^ (^fi) represents the value, at the place c, of the differential 

4 = 1 

coefficient of the function («*• " -f \£i) . 

II. For the function /(» ; 2, c) we have the property 

f{z'; z, c)= —f{z; s', c), 

namely, the value at any place s', of the function defined in (I), with c as pole 
and z as zero, is the negative of the value, at the place z, of the corresponding 
function with the same pole c but a different zero 2'. 

This is immediately obvious from the representation given, bearing in 
mind the equation 

where sV- ' is, for abbreviation, put for s'lvl- *+.... -f s^v|' ^ This equation 
expresses a fundamental property of the function . 

III, The proof of the property in (11) can be given in a more elementary 
way in terms of integrals of the third kind only. For that purpose we require 
a result contained in the following proposition : 

If Pl\ I represent any elementary integral of the third kind, with infinities 
at z and c, and chosen so as to vanish at Jc, and if x, Wi, arg, x^ be any places 
whatever, we have 

Pl\X + Pl\X + P'^\X = od^ integral multiple of ni. 

To prove this we notice first that it is sufficient to prove it for the case where 
the integral of the third kind is taken to be Riemann's normal elementary 
42 
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integral of the third kind ; the more general statement immediately follows 

from this. Now if {x, z) be used for shortness to denote the function 

©(-w^'^ + i^), it can be easily proved, by comparing the zeros and poles of the 

two sides of the equation and the factors at the period-loops, that the following 

equation holds : 

TT»,fe— [i», g] [fe. ^] . 
''''~\x,c-\\h,zy 

hence we have 



\x , aig J \_pCi , a?3 






[a;, a-a] 



«2. a^i] [x, a;i][ar3,Xg] 



>2, iCg] [«, a;2][a3, cbJ ' 



and, in virtue of the equation [a;, z] = — e""*''"''" [2, a;] , already quoted, the right 
side is equal to — 1 . 

Gor. 1. Putting a! = a;i and, for greater clearness, replacing Xi, x^, Xg respec- 
tively by z, a, &, we have the result 

hmit ^e ^. » «. * j^,^^ = — 1 . 

This includes the general form of the proposition. 

Gor. 2. In order to use the result of (III) to prove the result of (II), notice 
that, ^ being an arbitrary place. 



and therefore 



while also 



/(a:; g, c) _ ul I /(^J_A^) _ n^;,*, 

/(e;g. c)~ ' f{i;^',c) 

/(z'; g, c) _ /(g; g, c) n^;/ - n^!,*^ . 
/(2;2', c) /(g;2',c) 



/(a:; g> c) ^ ^n^; 
/(x; z', c) 



e 






) 



thus /(!Li_^ — ^n*: "' + "*'.'« + nf; f _ _ -, 

/(g;^',c)-' 

which is the result we desired. 

This proof of the result in (II) is to be preferred to the former one, because, 
although the theorem for integrals of the third kind upon which it depends has 
here been deduced from the properties of theta functions, that theorem is, I 
think, clearly capable of a more elementary proof by contour integration. 



Baker: On the Hyperelliptic Sigma Functions. 319 

Gor. 3. It is easy to see that 

f{x; z, c)e~ "'•'+/(«'; z', c)e~"*''^ = 0. 

In case x, x' coincide respectively with 2', z, this becomes the proposition in (II). 
The results in this Section I are of a preliminary character, and in what 
follows will only be used for the hyperelliptic case. 

Section II. 

Of methods of dissecting the hyperelliptic Biemann Surface. 

The fundamental algebraic equation is taken to be 

y= 4(a; — Ci)(a3 — tti) .... (as — c^)(aj — a^)(a; — c), =f{x), 

wherein Cj, aj, . . . . , Cp, Op, c are given (complex or real) quantities. Over the 
X plane we suppose a two-sheeted Riemann surface to be constructed, with ^ + 1 
cross lines, between the places (ci, %), (c^, a^), ..... (cp, a^), (c, <»). We 
suppose the branch values and the branch places Cj, aj, . . . . always to be taken 
in the order 

and shall often denote them respectively by 

Ol) Oj, 63, 64, . . . . , Ogr — 1, Oir, . . . . , Oip — i, O^p , f>2p + lt ^> 

using throughout the symbol a for the branch place at infinity. By the standard 
case we mean that in which Cj, aj, . . . . , a^, c are real and in ascending order of 
magnitude ; by the difference bi ~ bj we mean that in which the b of less suflSx is 
subtracted from that of greater suffix, namely, * >-y ; thus in the standard case 
bi ~ bj will be positive as well as real. "We suppose the Riemann surface to be 
changed into a i>-ply connected surface in the ordinary way, by means of p 
period-loop-pairs, the sides of each of these pairs constituting a closed curve, and 
speak of the resulting surface as the dissected Riemann surface, using sometimes 
by analogy the word cuts in place of period loops. 

Let Ml' ",.... , Mp- " be any p linearly independent integrals of the first 
kind, single-valued upon the dissected surface ; denote the periods of u^' " at the 
first and second of the i^^ pair of period-loops, namely, at the loops (a^) , (bi) , 
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respectively by 26)^, j, 20;, 4. Then if h denote any one of the (2p + 1) finite 
branch places, we have 

where /3i, . . . . , /3^ are integers, which are immediately obvious by inspection 
in case of any specified dissection of the surface ; these equations we denote by 

upon the properties of the (2jp + 1) half-integer characteristics thus arising 
depends the definiteness of the determination of the signs of certain square roots 
arising here. 

If §, iTbe any two half-integer characteristics given by 

e=KO=*a:;::::;t)' ^=ia)=i(l':::::f)' 

we use the abbreviations 

(|.) = e^n'^ = exp. ni%lK , \Q\=qq' = %.q'r , 

r=l r=l 

\Q,K\=qk'- q'Jc = ^{qX - q'A) , 
SO that 

-{.kAqJ' ^ ~\qJ' 

further, we denote the characteristic associated with the half-period w"-*' by Bt; 
for our purpose the values of the 2p(2p + 1) quantities 



(D- 1^-41 



will be found to be of importance. 

It is convenient to choose the dissection of the Riemann surface so that, 
provided i^j, the values of these quantities shall be independent of i and j; 
we 'give therefore below examples of methods of dissection whereby 

(I) when i >/, 

\B„B^\z= 1, (;^*)= 1, and therefore 1 5,., 5,1 = — 1, (^^ = — 1, 

(II) when i >y, 

|5„5,.| = — 1, (§)= 1, and therefore 1 5^,5, 1 = 1, (^^^) = — 1, 
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(III) when i >y, 
'5, 



\BuBj\- 1, (g*)=— 1, and therefore 1 5;, 5,1 = — 1, (§;) = 1, 



(IV) when i ^j, 
'B 



\B^,B^\=. — l, (I*) = -1, and therefore 1 5^,5, 1 = 1, Q) = 1, 

namely, such dissections are represented diagrammatically by the four following 
figures respectively : 



('',) /; 




(I) 




N. 



(11) 
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(Ill) 




(IV) 



We find for these dissections respectively, 



"•■-=<?)' (0(^'" 






«-'=i(;y. 
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r—l / 1\ •ON*'"'' 



from these the facts stated above as to the values of the quantities \Bi, B^\, ( n) 

can be immediately verified. 

If we denote the periods of an integral u"- ", for the case (I), at the ■i"' period 
loops of the first and second kind respectively, by 20,.^^, 2a>^, j, and denote the 
corresponding periods for the dissections (II), (III), (IV) respectively by 

[20r,j2. [2<i]2; [26)r,i]3> [2<i]3; [2«r,f]4. [2< J4 , 

we immediately find, supposing of course that the values of y are the same, at 
any the same place of the surface, in all the four cases, that 

[»r, Js = — «r, i, ["r, Js = — "r, i . ["r, J4 = «r, i, /r = 1, 2 , p\ 

["r, Js = — «r, i, [«r, Js = »r, i. [«r, i]i = — «r, < » \* = 1, 2, . . . . , J)/ 

thus the matrices associated with the linear transformation (5. 531) from case 
(I) to the cases (II), (III), (IV) respectively, are those denoted by 

( -i)' (— 1 o)' (i o)- 

It is to be observed that from each of the four dissections (I), (II), (III), (IV) 
we can immediately derive another by changing the direction of every (a) loop 
and every (b) loop. Thus, from (1) we can derive a dissection in which the 
periods are exactly equal to those arising in (II) — in which however the charac- 
teristics-associated with the half-periods m"'"', ■m"-"', t*"'* will have all their 

elements negative. The quantities \Bi, Bj\, (nj are, however, unaltered by 

the alteration of direction of every (a) loop and every (&) loop. 
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Section III. 

Of the construction of the functions © . 

Denoting the characteristic associated with a half-period w"- * by i T ^ J and 

the matrices of the periods 26),, i, 26)'^ j respectively by 2o, 2J, we obtain the 
normal integrals v and the symmetrical matrix r by the equations 

U = 26)W , 6)' = COTT ; 

then the function {u \ u"' *) or (m | B) is given by 

n 
P 

where v{n-{-^^) denotes "^Vr (n^ +i qi) , v (w+i q'f denotes 

p p p 

2 2'^'-.»K+i2'0K+ig's)' 9'(»* + i2') denotes^^^K+ig^r). and the summa- 

r=li=l r=l 

tion^ is in regard to each of Wi ,...., n^ over all positive and negative integers. 

n 

It follows that, for the same values of the arguments v , the function is unaffected 
by the addition of integers to the half-integers ^g{, ... , iq^ occurring in the upper 

line of the characteristic i(^)', thus the function (u \ tt"- ^) as defined by the 

dissection (II) differs from the function © («!«"• *) as defined by the dissection (I) 
only in the sign of the arguments v; that is, the even functions in (II) are equal to 
those in (I), but the odd functions have a different sign. Similarly the functions 
constructed for the dissection (IV) are derived from those for the dissection (I) 
by a formula given B . 558 ; the ratio of any function (I) to the corresponding 
function (IV) consists of a factor independent of the characteristic, multiplied by 
e, where e is 1 in the case of the even functions, and i in the case of the odd 
functions. 

It is clear that the theta functions arising for any one of the four dissections 
will be unaltered by changing the direction of every (a) loop and every (b) loop ; 
for this change alters the sign of the characteristic and also the sign of the 
normal integrals. 

Further, if J5^ = J f ^ J , jBg = i ^ , j be the two characteristics associated 
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respectively with the half-periods w"' *"■, «"* *' , and 

where \> K are integers each =0 or 1 , and if^, Ml are integers, then, by the 

reduced characteristic B^ B, is meant the characteristic i ( j, ) • It is desirable 

to compare the dissections (I), (II), (III), (IV) in regard to the values of the 
integers {M, M') ; we have the equation 

hence, denoting the factor e"*^^' as the reduction factor for the places b,., bg, we find 
that for the dissections 

(I) and (II), the reduction factor is — 1 for all cases in which the less of the 
two values 6,., 6, — that is, the one of these occurring first in the ascending order 
of the 2p -\- 1 finite branch places — is one of a^, a^, and is otherwise + 1 . 

(Ill) and (IV), the reduction factor is — 1 when the places br, b^ are such a 
pair as c,. and «„ and is otherwise + 1. 

In order to avoid the consideration of the reduction factor we shall fre- 
quently in what follows use @(u\B^Bg) to denote the function in which the 

characteristic is not reduced, namely the function © ftt i ( ^ ^ ^ )1 , and for this 

purpose we shall reverse the ordinary rule : Unless the contrary is stated it will be 
intended in the function © (u | B,. Bg) that the characteristic is unreduced. 

Section IV. 

Of the fundamental radical functions on the Riemann surface. 

On the dissected surface, if b denote any one of the finite branch places, 
either one of the square roots of a; — & is single-valued ; this follows from the 
fact that X — b vanishes to the second order at b and is infinite to the second 
order at infinity ; to fix the value of this square root it is only necessary to 
specify the sign for some one value of a;; we suppose the sign chosen for «•=«>, 
and that this sign is the same for each of the 2p + 1 functions in which b is in 
turn every one of the finite branch places ; supposing that the values of y have 
43 
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been allocated to the places of the surface before dissection, and noticing that 
the sign of a product of 2p + 1 factors is altered if the sign of every factor is 
altered, we agree that the signs of the functions considered, which functions are 
henceforth to be denoted simply by symbols Vx — b, shall be such that for a 
point in the lower sheet at infinity, the ratio 

r = l 

shall be equal to + 1 ; since this ratio is a single-valued continuous function 
whose square is + 1 , it follows that, for every place of the surface, 

2P-I-1 

y=2-jjVx-hr; 



that is, y=^ Is/ x — c^^/x — «!.... \^x — a^^x — c. 

Further, for the sake of definiteness, we suppose the sign of the infinitesimal at 
infinity, which is such that x=-t~^, so chosen that at infinity, for each of the 
functions Va; — h, 



Urn (t Vic — b)=- -\- 1. 



«=o 



We may further suppose for real infinite x, and in the lower sheet of the surface, 
that < is a real positive quantity. Thus in the standard case, for all real values 
of a; greater than h, Vx — b would be positive as well as real. 

Suppose now that, in the abbreviated notation before explained, 



W 



-,*-A/^/^' 



©• 



and let i D. denote an odd half-period — that is, a set of p elements each of the 
form 

i (»« + 'J'i, 1 «i + +'^i.p 4)' (* = 1, 2 ,p) 

wherein Sj, s^, si, . . . . , Sp are integers; then, on the dissected surface, the 

function 

1=1 
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wherein the second factor of the denominator denotes the value at infinity of the 
diflferential coefficient in regard to the infinitesimal of the function (v"' "+ i^i) , 
is single-valued and continuous, and has no zeros or infinities ; at the r^^ period 
loops respectively of the first and second kind the square of the function has the 
factors 

each of which is equal to unity ; thus the square of the function, being equal to 
+ 1 at the place infinity of the surface, is everywhere equal to + 1 • Thus the 
function itself, which is also equal to + 1 ^t infinity, is also everywhere equal 
to + 1 • Hence, in the notation employed in Section I, we have 



Vx — 6 = e''*^''^'y(x; b, a), 

and this result is independent of the method of dissection of the surface. 

It follows that the factors of Vx — b at the r**" period loops respectively of 
the first and second kind are 

this fact we shall denote by 

and it will be found that this relation may be supposed to express another fact 
also. The factors of Vx — b at the period loops are immediately obvious 
geometrically by considering the number of revolutions about the branch- place 
b involved in taking the function round the period loops. The analytical proof 
has been preferred because it brings into greater prominence the fact that the 
result obtained is the same for any method of dissection. 
Let now d be another finite branch-place such that 



ya,d. 



Kd' 



let the signs Vd — b, »/b — d denote respectively the value of the function 
kJx — b at d, and the value of the function '>/ x — d at b\ then it follows from 
Section I that 
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and therefore 

^^ ^ — „in«[«'0 + r/3')-/3'(5 + T6')] ^-i^i\P,Bi 

vF^ira- ' - e , 

where -/5 = I T'^ y i) = jr^J; by squaring it follows that for every method of 

dissection 

\B,D\ = l, (mod. 2) 

and therefore that, also for any method of dissection, 



Hence, in all methods of dissection for which, when i ^j, \Bi, Bj\ =1 {mod. 4), 
we have s^bj — b^ = — i Vbi — bj; in all methods of dissection for which, when 
i'P'j, |5j, 5j|= — 1 {mx)d. 4), we have Vbj — 6,= -{-iVbi — bj. 

With more precise conventions we may use the result somewhat differently, 

namely, "if for two half-integer characteristics Q=^(^j, K=ifn\ the 

symbol 's/(^) denote e*"*«'^ we have^^;^) \/d^^ — sl (j)) V6^^i=~^. 

In what follows any one of the p {Ip ■}• 1) signs s/bi — bj will be used to mean 
the value of the f miction s/x — 5,- when x is at bi] and, in accordance with the 
established practice in the elliptic case (Schwarz, "Formeln u. Lehrsatze," p. 24 ; 
Halphen, "Fonct. Ellipt.," I, p. 192), we shall take for the normal method of 
dissection one in which, for * >•/, |-S,, 5j| = 1 (mod. 4), as in the methods (I), 
(III) above (pp. 320 and 321); such a method may be described as a negative 
method, those in which 15^,5^1 = — 1 (mod. 4) being described as positive 
methods of dissection. 

It is easy to see geometrically, in the figures (I) and (III), in what way the 
negative sign arises ; let a continuous line be drawn in the lower sheet of the 
surface from -f oo to — co — indicated by the dotted line in the figures — so as to 
pass near all the cross lines of the surface ; in reaching a branch-place this line 
may be supposed to describe a semicircle in the clockwise direction ; thus the 
description of the semicircle near a branch-place b gives for the function s/x — b 
a factor — i. In the dissections (II), (IV) the corresponding semicircles are 



Bakee : On the HyperelUptic Sigma Functions. 329 



described in the counterclockwise direction, and give a factor + i for s/x — J as 
the describing point passes round the branch-place h. 

The question may arise whether the method of proof just given, depending 
on the theta functions, may not be vitiated in the hyperelliptic case owing to 
the occurrence of even functions which vanish for zero values of the arguments ; 
it is for this reason we have, in Section I, given an alternative proof, depending 
on the fact that if P^;," , denote an elementary integral of the third kind, with its 
infinities at £Ci, ojg, then 

Pl\X + Pl\X + Pl\X = ^^^ integral multiple of Tti; 

though we have deduced this property by means of the theta functions, it appears 
clear that it is capable of an elementary proof. 

We shall for convenience introduce, beside the function denoted by Va; — h, 
a function denoted by V^ — «, and defined, for every one of the finite branch- 
places h, by the equation, holding for every value of a;, 

V& — £c = + i^s/x — h, 
but some care must be exercised in regard to it ; the value 



(V6,-a;),=,^, =(«Va; — 50x=6=*VS,.-6, = , ie^^'^^^^^^Wb.-h], 



is equal to Vfej — hj only when j^^, Bj\ = \ (mod. 4) ; that is, if for i'^j, 
\Bi, -S;|-=l (mod. 4), Vbi — bj can be interpreted as the valve of Vb^ — x when 
X is at bj only if, in the ascending order of the branch-places, b^ has a higher plaxie 
than bj. It is for this reason we introduce, and sha/ll retain, the convention of 
using Vbi — bj only as the value of \^x — bj when x is at 6^. 

The function Vx — b, when x is near to b, has opposite signs in the conju- 
gate places of the Riemann surface — as is obvious by considering that we pass 
from one of these places to the other by a path going once round the branch- 
place b. But for values of x which are near to any other finite branch-place, 
the conjugate values of Vx — b are not different, since the function would other- 
wise vanish at this branch-place. The question then arises of specifying the 
range of values of x for which the conjugate values of the function Vx — b are 
the same ; knowing the factors of Vx — 5 at the period loops, it is easy to do this. 
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Let AB be a portion of a period loop, P, Q being two places on opposite 



sides of this loop, in the same sheet as the loop, P being on the left side of the 
loop ; let P', Q' be their conjugate places ; let s be the factor of \/a; — h at this 
period loop, ^^ (= ± 1) be the ratio of the values of V* — 6 at ^ and Q', and 
t,p the ratio of the values at P and P, then we clearly have ^p = e^^. By this 
remark it is easy to prove the following rule : Let the period loops be projected 
upon the plane below the Riemann surface ; the projections will form a network 
of closed curves which, for the moment, we may distinguish, from the period 
loops themselves, as harriers ; let the conjugate places of the Riemann surface 
which project, on to this plane, into a point lying within the barrier arising from 
any period loop, be called the places tvithin this period loop ; then, if in the 
relation 

formerly employed, there occurs a wiity in the r*^ place of the upper line of the 
symbol on the right, and a zero in the r*'' place of the lower line, it means that the 
valties of Vx — b are the same for the conjugate places within the loop (5,.) ; if there 
occurs a unity in the r*'* place of the lower line of the symbol on the right, and 
a zero in the r^^ place of the upper line, it means that the values of s^x — b are 
the same for the conjugate places loithin the loop {a^ ; if there occurs a unity in 
the r*^ place of both the upper and the lower lines of the symbol on the right, it means 
that the values of ^x — b are the same within the loop (a,.), and also within the loop 
(6,.), except f<yr that region which is within, both (a^) and (b^), where the conjugate 
values of s/ x — b are different. For all regions not specified in this enumeration the 
conjugate values are different. 

For instance, if we take the dissections (I) or (II) and denote the barriers 
which are the projections of the period loops (a,) and (b^) respectively by (a^) 
and {b'r) , 
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the function Vx — c^ has its conjugate values equal for all values of a; within 
the non-intersecting closed curves formed by the barriers (al), (b[), . . . . , (&/_i) ; 
for other values of a; its conjugate values are opposite ; 



the function \^x — a^ has its conjugate values equal within the barriers 
(ai), (Jj), . . . . , (bl), save in the region common to the closed curves (a^) and (bl), 
where they are opposite ; for values of x not enclosed by any of these barriers 
{aD , (&i), . . . . , (bl), the values of Vx — a^ are opposite ; 



the function Vx — c has its conjugate values opposite except within the 
closed curves formed by the barriers (bi), . . . . , (b'p). 

These facts follow from the values of the half-periods «"' "' , m"' "' , u"' " given 
on pp. 322 and 323. The corresponding results for the dissections (Til) and (IV) 
can be obtained in the same way, or are geometrically obvious from these. 

To every function Vsc — b there are then certain characteristic period 
loops, namely, those at which its factor is — 1 . On the Eiemann surface the 
function Vx — b does not take every value, for it can take the values ± B only 
when x = b + B^, and it may happen that for this value of x the conjugate 
values of \/x — b are the same. If, however, we take two precisely similar and 
equal exemplars of the Eiemann surface and make opposite conventions for the 
sign of V'jc — b on these two surfaces, so that at any two corresponding points, 
one on each surface, the values of Vx — b are equal and opposite, and join these 
two exemplars into one surface by converting the characteristic period loops of 
the function Vx — b into cross lines between the two surfaces, we shall obtain a 
surface of four sheets whereon Vx — & is continuous and single-valued, and takes 
every value twice. The behavior of Vx — & on either of the exemplars is such 
that if the values of Vx — b arising thereon be mapped upon a plane, the plane 
will be covered once with the exception of 7c holes, corresponding to the points 
of which no values of Vx — b arise — 7c being the number of characteristic loops 
belonging to Vx — b. 



We have proved that the product of the 2j) -j- 1 functions Vx — b is Jy. 
It follows that for every value of x there is an even number, or none, of these 
functions, of which the conjugate values are the same. 
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Appendix I to Section IV. Application to the Elliptic case. 

Replacing the letters Cj, %, c which have denoted the branch places, respec- 
tively by 63, 62, e^, and taking a dissection of the type (I), we have 



Cf> 



W 



oa, 61 



= " = *(i)' «"'''= = " + "' = i(J). «°°'" = "' = l(J); 

also 

>/x — 61, oc f Q J , has factor — 1 at loop (h) ; its conjugate values inside (6) are 

equal, 

Vx — 63,0: r ^ J , has factor — 1 at loops (a) and (6) ; its conjugate values are 

the same inside (a) and inside (6) except for values of x inside both 
(a) and {h) , where they are opposite, 

\/x — Cg , ce ( ^ ) . has factor — 1 at loop (a) ; its conjugate values inside (a) are 

the same. 

X" dx 
— , in the two sheets of the surface, (i) outside both 

if 

the loops (a) and (6) are, for conjugate places, u and — u) (ii) inside loop (a), at 
conjugate places, are u and — u — 2o; (iii) inside both the loops (a) and (6), at 
conjugate places of the surface, are u and — w — 2o — 26)'; (iv) inside the loop 
(6), at conjugate places, are — u — 2J ; hence putting 



%i 



(^)=:7S\ =^*~~^i' X^{^) — ^^ — ^^y Xz{y) = >/x — e^, 



a (u) 



the statements in regard to the three radical functions are easily seen to be 
summed up in the statements that Xi (^) > Xz (") > Xs i'^) ^^^ ^^^ functions with 
the respective periods, (i) for Xi (**) > 2o , 4q' ; (ii) for Xz (w) > 46) , 26) + So' ; 
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(iii) for Xsiu), 4a), 2a)'. These facts can be immediately verified by the ordinary 
formulae of elliptic functions. 

Further, on the surface thus dissected the function 



sn (wv'ei — 63) , = \/ei — eg/ V » — e^ 

does not take all values, because the values of the argument u and — u — 2a) give 
the same values for the function. To get all values we take two exemplars of 
the Riemann surface, defining the sign of \/x — e^ differently in these, and join 
them into one surface by making the loop (a) a cross line between them, so that 
the left edge of this loop in one exemplar becomes continuous with the right 
edge of this loop in the other exemplar, and vice versa. 

D G> 




4' B' 



1 



In other words, if we take as the fundamental surface a parallelogram with 2a), 
20' as contiguous sides, so that the opposite sides AD, BG represent respectively 
the right and left edges of the period loop (a) , the function sn {u^e^ — e^) does 
not take all values within this parallelogram because the values in the triangle 
AGD are equal to the values in the triangle GAB; to get all values we must 
take another equal parallelogram wherein the value of sn {us/e^ — eg) at any 
place is the negative of the value of sn (ttVej — eg) at the corresponding place of 
the first parallelogram, and then join BG with J.'Z>' and AD with B'G'. We 
thus get the ordinary period parallelogram with 2a)' and 4a) as sides, in which 
sn(wVei — 63) takes every value twice over. We may then also join DGDG' 
with ABA'B', so obtaining an anchor ring upon which sn (wVei — eg) is single- 
valued, but takes every value twice over. 

Another point may be noticed in this elliptic case ; similar remarks apply 
in general; taking the dissection as before, and supposing e^, eg, eg to be real, 
and further supposing that for real large positive values of a3, in the lower sheet 
of the surface, the functions Vx — e^, Vx — e^ , Vx — eg are positive, as well as 
real, then the half-period 

_ p'^dx^ _ P'^ dx 

•^6, y *'«! 2\/a5 — e^Vx — e^Vx — eg 
44 
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is real and positive, while the half-period 



"'=/■ 



dx 

e. y 



is + * times a real positive quantity ; thus R ( -=—) is positive, while, as we have 
seen, Vej — ei= — i^/e^ — eg, etc. If, however, we had taken a dissection such 
as (II) we should have obtained B T-^ j = negative, and, correspondingly, 
Vej — «! = + *Vei — eg, etc. 



Appendix II to Section IV. — On a certain prime function. 
If i ft be an odd half-period such that (cf. B, 302) 

then (B. 427) we have, in the function, 

nr(x, -)- B{v^-^ + ^a) e-^'^-' ^ ^ («^-g)j"^'- 

-•/(a; — Wi) ... .(a; — Wp_i)(2! — Wi) (a — ra^.j) 's/ys 

wherein (7 is a certain constant, and x, z denote the places conjugate to x and s, 
a function which, as appears from the first form [n^, . . . . , n^^i being branch 
places), is single-valued on the dissected Riemann surface, and has no infinities ; 
the function vanishes to the first order when a; is at s, and to order p — 1 , as a 
function of a;, when x is at infinity. Replacing any factor x — n^ by xx — /ijXg, 
where x = ajj/arg, we have a prime form, with no infinities, and only one zero, at 
cc = s. We consider, however, only the function. After what has been given, it 
is easy to determine the factors of this, regarded as a function of a;, at the period 
loops. For if 



so that 



V 



X — n. 



=(2)' 



then J n = -y"' "' + J^ ^a„n,^, _^a,a,_ _^a,ap 
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where the dissection is supposed to be of the kind (I) ; hence 

s ■=■ Sa^ — {p, P — 1, ••••.!)> «' = 2ar — (1 . 1 1 • • • • ) l) • 
Thus the factor at the h^^ (a) loop 

and the factor at the k^^ period loop of the second kind is 

e— Zni [vl-' -i-i Tj_ j) g— nisn 



e 



TTJSa, 



( — l)p — &+ 1 e— 2-Ti (vt' + iT„_ j) _ 



In particular we may take nj, n^, - . » . , Wp_i = aj, ag, . . . , , ap_i, and ^D, = m*-'^; 
then, with the dissection (I), the function of x given hy 

, , ®e-K;j::::?i)) 



V(a — aj) .... (a; — ap_i)v'(z — a^ .... (2 — «j,_i) 

Aas iAe following properties : (i) *';{ vanishes when the place x is at the place z , to the 
first order, and vanishes p — ■! times at infinity ; (ii) it has no infinity ; (iii) ro(a;, z) 
= — w{z, x)] (iv) at every loop of the first hind it has the factor — \ ; at the U^ 
loop of the second hind it has the factor 

In the elliptic case the function is the odd theta function ; in case 2> = 2 it is 

(v^' ^ I i (1 Xj) /V(x-ai)(.-aO . 

Section V. 

On the construction of the function S'. 

If Bf, c be an elementary integral of the third kind, with s , c as infinities, 
chosen so as to vanish at the place h, and be further such that ^«;?= Rl'fjc, then 
there will be an equation of the form 

wherein JJ*' is Riemann's normal elementary integral of the third kind, 
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wf ^ w*' * are any linearly independent integrals of the first kind, and the 

coefficients a^^j are constants such that a,- ,,. = a^. j. Taking then arguments 
tti, . . . . , «^, of which the periods of w,. are 2a)^^i, . . . . , 2o^^p, 2or, !,••••> 26>^^p, 
these being supposed to satisfy the necessary relations (B. 197, 285), and deter- 
mining the arguments v^, . . . . , v^ and the matrix t by the equations denoted by 

U = 26)W, w' =0)7, 

the function 3 Tw U (^)) is given by 

wherein au^ =zXX<x>ijUiUj, etc., and the summation is in regard to each of 

«!,... . , Wp from — 00 to + 00 . Thus the function is equal to e""' T^ U ( ^ ) ) • 

Associated with the functions 3(m) there are, beside the periods 2a, 2a', certain 
other quantities 2ri, 2y{ which are the negatives of the periods of the integrals 
of the second kind if ", , X^' " which arise (B. 194) in the equation 

^l\ !=f^ ('-^ - ^-^) +t^V '^ 
*^Tc 2v \x — z X — c/ :H 






i = l 



wherein (a, s), (c, d) are the values of {x, y) when x is at the places a, c respec- 
tively. 

The general form of JS^; * in the hyperelliptic case is 



r,«, ft_ r r'dx_ dz^ 2ys + i^(a;, z) 



'fc •« y ' s ' 4{x — zy 

where F{x, z) is any rational integral polynomial, symmetrical in a;, z, of order 
23 -[- 1 in each, which satisfies the two conditions (B. 315) 

in case the fundamental algebraic equation be 

it can easily be verified that a possible form for the function F{x, z) is that 

given by 

p+i 
/{x, z) =2a;V [2X,, + :in + i{x + z)-]; 



£ = 



Baker : On the HypereTliptic Sigma Functions. 337 

and any other form for F(x, z) differs from /(a;, z) by an expression of the form 

{x — zy{x, z)^_i, 

wherein (x, z)p_i denotes an integral symmetrical polynomial of order p — 1 in 
each of a; and z; conversely, the ip(2>+ 1) coefficients in {x, a)j,_i are the arbi- 
trary constants of the integral I^^ct by the suitable choice of these the quanti- 
ties ay in the definition of the functions 3 may be made to take any assigned 
values. 

Another possible form for the function F{x, z), than the one f{x, z) above 
given, is that given by 

4\:P{x)Q{z) + P{z)Q(x)-], 
where 

P {ps) = (x — ttj) . . . . (a; — ttp) , Q(x) = {x — Ci) . . . . {x — Cp)(x — c) . 

Still another form for F{x, z), which is of great importance, may be most 
shortly defined thus : in the equation if=zf{x) put x = Xi/x^, and write it in the 
form 2/^a;f"*"^=: «|'"^^ the notation on the right being the ordinary symbolical 
notation for binary forms; then a possible form for F{x, z) is that given by 
2aP+^af+Va;|'^^2f+^ The advantage of this form is that the resulting integral 
R"l * is covariantive under cogredient linear substitutions of the variables x , z 
(cf for example Klein, Math. AnnaL, XXVII (1886), p. 457). 

In what follows we shall, unless the contrary is stated, suppose the arbi- 
trary coefficients in the polynomial F{x, z) to be left undetermined. Writing 
then the expansion 

we may suppose the coefficients c^^ ^ to be at our disposal. 

Section VI. 

The expression, of the qvotients of the S- functions with one suffix by means of 

algebraic functions. 

In this section we suppose the Riemann surface dissected in one of the ways 
(I), (II), (III), (IV). We shall however ultimately adopt (I) as the normal 
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method of dissection. We use the following notations, other than those already 
introduced : 

P{x)={x — ai) (x — ttp), Q{x) = (a; — C'l) . . . . {x — Cp){x — c); 

f=4P{x)Q{x), =:f{x); 
F(x) = (03 — Xi){x — jCg) .... {x~ Xp); 

Ui = <•• «' + w^ °» +....+ w?"' "^ , (* = 1, 2, , p) 

wherein . t r^x^~^dx 

K = I — ; 

Vi— F|"''' + Ff"««+ + T7^'»^, (i=i, 2, p) 

where -p^, ^ _ V/ (a,-) P- P (x) dx 

* P'{a^*fu x — Ui 2y 

a^id vy (a^) = 2 Vtti — G^^/ai — a^s/ a^ — Cg .... Vaj — e , 

P' (ai) = (aj — ai){ai — a^) . . . . (a^ — a^) ; 

then , 2al-^ „,, , , , 2a 



,«-i 



v/ («i) V/ K) 

(* = 1, 2, jp). 

Further, putting 

P(x) = xP + hix''-^+ ....-]- hp, 

we have 

= x^-' + Xi (a.)a;^-^ + ....+ Xp-iM say, 
so that 

«^~' + ;«i(«r)a?-' +.... + Xp-i K) = or P' (a,), 

according as izf=r, or i = r; 

thus , / \ I 1 r \ oTT -P'K) 

^^i. + Xi K) «P-i +••••+ Xp-1 K) Wi = 2F, ^^, ; 
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we shall, immediately, introduce a constant \, given, for a proper determination 
of the sign of the denominator, by 

(»V/(a.)/4)* ' 
with this we have 

li'K, [I, . . . . denote either linear functions x — b, h — x, or differences such 
as hi — hj, between values of x at the finite branch places, we mean by VX/m .... 

the product V^Vfi. . . . , where VX, V^, have the values previously 

assigned to them. "We have already introduced .s/fja^) defined according to 
this rule. 

If, in the variable Fi, we suppose jci, ...., ajp to be respectively near to the 
branch places ai, . . . . , Op, and put as^ = ai + if?, we easily find that Yi"'' ^ van- 
ishes to the third order when r :^ *, while Ff- "* = i^ ; hence when Xi x^ 

come to «!,...., Op , the variable F = << . 

For the integrals F^ see B. 169; they are more convenient for our purpose 
than Weierstrass's integrals (B. 325-6). 

We find the following equations to hold for the dissection (I) : 



V(— l)P-'-P'(a,) =i'>-WP'{ar) , V(-ljP-'-+ip(cr) = i^-''+WP(^, 

A/{—iy-'^+^F{a,) =(—iY-''+WF{ar), \/(— l)P-'-+iP(c,) ={—iy-'+WF{c,), 

where in each case, except the last two, the expression under the square root on 
the left side is merely an abbreviation for a product in which each factor is a 
^positive difference, that is, for a difference in which the branch value subtracted 
has a lower position in the ascending order of the branch places than the branch 
value from which it is subtracted ; for instance, in these equations, ( — lY~''P'{a,) 
is an abbreviation for (a,. — aj) , . . . (a,. — a^ - i)(«r + 1 — a^) . . . . {a^ — a,.) . The 
same equations hold for the dissection (III). In the cases of the dissections (II), 
(IV), the i occurring on the right side of these equations is to be replaced by — i. 
The expressions (— l)^-''+^i^(a,), (— ly-'+^Fic,), in the last two of the equa- 
tions above, are abbreviations for 

(ttr Xi) . . . .(a^ Xr- i)(Xr a^) . . . . {Xp ttr) i 

{ Cj. " OC^j • • • • ( Cj. ~~" 3C^ l)\p^r " ^r) • • • • \p^p ~~~ ^r) > 
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respectively ; they are introduced merely to enable us to write the formulas more 
conveniently. In the standard case, when the branch values c^, ai, . . . . are real 
quantities in ascending order of magnitude, the expressions occurring on the 
left sides in these equations, except the last two, are real quantities. 
Consider now the functions 



The quotient i ( \ I V^a'i — c^ . . . . ViCp — c^ 

/ s/ ax — Cr . . . . Vop — c, 

is, on the dissected Riemann surface, a single-valued continuous function of each 
of a;i, . . . . , ajp, without zeros or infinities (B. 309) ; its value when the arguments 
u vanish, that is, when tci = aj, . . . . , aSp = Op, is + 1 . As the square of this 
function is + 1 , the function itself is + 1 . Thus, in the case of the dissections (I), 

(III), we have 

e? iu) ~ (-i)Wi^-(o.) V^:M 

''^'~{-iy-'{i)'>-^+W'P(^~^ i; ,^P{c,) 

_ \/(— l)^-'-+^i^(^) 
V(— !)"-'•+ »P(c/) 

(cf. Weierstrass, Math, Werke, I, 1894, p. 330, remembering that the branch 
places are here numbered in the reverse order. Cf. B. 569). 
The function 

when £Ci ,...., a;^ approach respectively to aj , osp , is equal to t^ ; hence the 

quotient 

a\ («) l^^i-^^ V^p-g.. ^ 

/ V % — a,. .... ^/a^ — a,. 



wherein, in the denominator, there arep — 1 factors ^/a^ — a^, is (B. 309) equal 
to + 1 , namely, for a dissection (I) or (III), 



al (u) = i-'^Y'^nar) _ , j.p_, + , . VFja;) 

^'^ W ^_ .y_, ^y-r^pTJ^ -1-1) * ^prj^^ ' 



_ V(— i)p-'+^F{ar) 
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From these results we can deduce values for the quotient 

we limit ourselves to the dissection (I). 

We have w^" "' + t*^ «« + +w^'" = 0, {r=l, 2, . . . . , p) 

and (B. 285) 

Hu + ia,) -' s(„|i(2'))' 

if, therefore, in the expression obtained for clr{u), we put xi, . . . . , Xp respec- 
tively at Cx , . . , . , Cr-i, c, Cf^i, . . . . , Cp, in which case Ui = u"' % we obtain 



^^(0) —(_l\P-r+U-p V'CCl— C,)(C3— C,) . . . (C,-1— Cr)(c— Cr)(Cr+l— Or) • . • (Cp— ^r) 

VP(c,) V(— !)"-'•+ ip(c,) 



P(c.) -^ ^ P(c,) 



from this equation we define one of the square roots of V/' (cr)/4 by the equa- 
tion 

K/'(c.)/4)* = (-ir- + VP(^^(0)P(0|«<'''''), 

and hence obtain 

^(^*) (V/'(c,)/4)*' 

and we put similarly 



( \/ (— l)«p - ^"^ + V (c,) / 4)* or (i'" - ^ + V/ (c,))^ 
equal to (_ «y - >• + 1 ( Vf{Cr)/4y ; 



that is V(— l)''-- + ip(c,)^(0)P(0|w«''^') 

45 
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and so obtain ^(^|^°-'"-) _ V(— i)i-'- + ^i^(o,) 

^ (w) ~ ( V(— 1)^^-2'-+ y (c,)/4y ' 

Cf. Weierstrass, Math. Werke, I, 1894, p. 135. 

Next, if in al^ {u) we put ccj ,...., a^p respectively equal to a^ , . . . . , a,. _ i , a , 
«r + i )••••) <*p' ^"^^ therefore u equal to «*' ""j we obtain 

, , s 1 r ^ (0) -1* 1 

where {DVr)at is the value when x-=^t~^, and f is small, of the integral 

\^fja^ f" P{x) dx 

and is therefore equal to 

P'K) ' 
hence we have 

i r ^ (0) f -P^ K) J_ 



-3;(0)|t*«''^)J V/'(a,)/4- « 



t t 



We define now one square root of Wf {ar)/4 by the equation 



(Wf (a,)/4)* = i (- 1)^- VP' (a,) 3 (0)/^; (0 1 M"' "0 , 
and hence obtain 

^W (*V/' (a,)/4)* ' 

further, we put 



(\/(— l)^^-^'- + y'(«r)/4)*, or (i2^-2'- + V/'(a,)/4)* 



equal to (—*)"" '■(*^//' K) / 4)% 



that is, to »"-'• + VP'(a,)^(0)/3;(0lw«''»'). 



or W {—ly- 'P' K) ^ (0) / 3; (0 1 «»' «o 
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and so obtain 









V(_l)P-r + lJ^(a,) 



Cf. Weierstrass, Math. Werke, I, 1894, p. 135. 

The results thus obtained may be summarized as follows : 

Let 



Aj. ■ 



(— ly-WP jar) _ V(- \y-'P (g,) 



{Wf K)/4)- (V(- \y^-^r + y (a,)/4)* ' 

where the signification of the denominator is determined by 

~^W) — ' 

also let _ {—ly-' + WPj^ _ V(— l)^- '- + ip(c,.) 

^ WrW^' (^(- ir-^' + y (c.)/4)^ ' 



so that 

then we have 



^ (0 1 u""' *"•) 



= («r; 



^{u\u-'<-) _ VFja;) ^^iu\v^_ .„_,^, ^/F{Cr) 

Appendix to Section VI. — The Elliptic case. 




00- 



20'" 2G) 

Keplacing Gi,ai, c respectively by 63, eg, Cj we have 

u = w^' *= = u"' *' — «"•• =^ = « + o' — Z7, say, 

^ (W I ««. e.) = ^ (^„ + O' — U" I * (J)) = 63 (- C^ I i (5)) = 

^(t,i^».c) =^("+"'-c^|i(j))=-4-^^(-^KJ))= 

3(«) =3(o4-co'-C7') = ^^(— ^|*(l))~ 
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where the notation is that of "Weierstrass (cf. Pormeln u. Lehrsatze, or Halphen, 
Fonct. EUipt., I, p. 252), and s is e-C' + VKP-i.o -*<«'). aig^^ if M/2a) = r, 

[a^^(-'---a.o= 2W(.-.)(.-.) [- ^ ^ (HK- D)l.o 

2u\/(e3 — e3)(e2 — ei)' 

where S-i is the quantity so denoted by Halphen, p. 259. 
Therefore our results give 



■i^if2 ci*/{ei — es){ei — e^) — ^^ — 



^3 (i^{ez—e3){e,— ei)y W{ez—es}ie,— e,)y' 



3a _ _ Veg — eg _ Vcg — 

— Hi — 



^3 '^' (V(e3-e,)(e3-ei)y (V(e,_ ^^^e, _ 63))* ' 

^0 _. ^^ __ *^^ ^i 

^3 ^ (V(ex-e,)(ei-e3)y 

and 

1 ^siv) 



rV7) = ^^^^^-«' =(V(e,-e3)(ex-e,)y^^-^- 



^o(v) Veg — a; Vx — e^ 



= -^1/- ,=f*l /- ' = /■/., -x/. .xx. ^^'- 



Si(r) Veg — ejj A/ejj — gj (^(ej — e3)((?i — eg))* 

. 3a(r) _ Vei — a: __ i 

^1 (»') ~ ^ Vi^=:7, (^/(el - e,)(e, - e,)y 



s> 



Comparing the forms for ^i/^g, ^g/^s, i^o/^s with those given by Halphen, 
Ponct. Elliptiq., I, p. 258, we immediately see that the determinations adopted 
by us for the square roots are given by 

W{ei — es){ei — ez)y = — >v^^=^\^i^^=^, 
( V (ea — e3)(ei — e^* = 's^e^ — e^^^Ci — e^ , 
(V{ei—ei){ei — e3)y = 'v^ej — eg^ej — e,, 

and that, with these determinations, the values found from our formulae for the 
quotients ^3{v)/^i{v), 3o(^)/^i(v)> ^i{'>')l^i{v) agree with those given by Hal- 
phen, p. 260. 
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It is to be remarked that the formulae of Halphen contain one, namely, 
\/ei — ^3 = Y-jr— ^3, of which we have not put down the generalization. This 

2(ii) 

is given by Thomae, Crelle, LXXI (1870), p. 216. 



Section VII. 

The expression of ^ functiom of two or more suffixes algebraically. 

If in general the quotient ^ (m | «»•*• + ... + «"• ''*)/3 (w) , where Jj , . . . , 6^ 
are any finite branch places, and the characteristic is not reduced, be denoted by 
g'ft.ft, ....»» (w). 3.nd for Jc^l, the quotient, of two determinants of the j)*** order. 



X^Vr 



Vr 



^ (i«r) ' <P ipOr) ' 



<, 



, 1 



/>J> — 1 






,...., 1 I 



wherein ^ = ^k—l ovi(k~3), fi=p— l — ^k or p — i{k+l), according 
as Jc is even or odd, and ^{x)={x — bi) ....(x — b^) be denoted by 7*5, ... j.^ ; 
then (B. 312) we have 



V»^^)=V,'*5,... 



namely. 






Vr 



^ (a:,) 



X'. 



,P-8 



, Xr, 1 



Xr } X^ J • ' ' ' 1 ^rt ^ 

- ay ^1 

^A^r-h){x,-h)F'iXr)' 



where C is a constant. We proceed to determine the value of C*. 

Let «* '"' = ^ ( ^ V w* *' = ^[7. ) , the notation being as previously explained. 
Then if v = u -\- u"- *' + Ii,„, „,, , where n„», „»/ denotes a period, we have (B. 286) 



346 Baker : On the Hyperelliptic Sigma Functions. 

where the characteristic denoted by m**' ^' + tt*' ''» is unreduced, namely, is 



s 






therefore 



and if v = tt*" "•+.... + t***- '^j 

i^(a;) = (a; — asj) .... (a; — x^, 
(? (as) = (a; — gj) . . . . (a; — Sp) , 

the right side is equal (Section VI) to 



Now from !*'"•*' + .... + m^"' ^ + w^" * = n„, ^, , 

it follows that %, . . . . , ap, h^ are the zeros, and ajj, . . . . , a^, a are the poles of 
a rational function, therefore given by 

F{x) ^ ^"^ ""'^^^ X, — h,{x- xO F' (a?0 

(cf B. 318), and hence it follows that 

^(^a) _ /J _ J xfi Y Vi Y 

F(S) " ^' '^^^h k^i-^^\^i - h) F' (a^oJ ' 

and therefore that 

where for A = i (^) , ^2 = i (^) we have (|^) = e"'*'*. 

This equation is true in the case of either of the dissections (I), (II), (HI), 
(IV) ; supposing the dissection to be of the kind (I), and that, in the ascending 

order of the branch places, h^ is higher than Ji, we have (^M (^1 — '^a) 

= 5jj — J)^. Hence, retaining the notation «"' *■ + «**• "' for the sum, without 
reduction, of the characteristics denoted by w"* *' and w"- *», we may write 



^{u\u->^^^u-^^^)^{u) _ .^ ^,^ y, 

^(w|«»'^0 ^ (« I «»• "') ~ ^^''"^ *^ "" ^^ ^£i (a'i - *i)(«i - ^2) ^' (a^i: 



)' 
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where e^ j^^ is ±1, but is perfectly definite. We do not here determine its 
value. 

Now let hi, &2, h be any three finite branch places, which, for definiteness, 
we suppose to be in ascending order. Then we can determine in a similar way 
the constant factor in the algebraic expression of the square of the function 

^ (m I W»' »') ^ (*« I «"' ''') ^ (« I «^ ' 

For denoting S' (u \ «"• *' + u"' *' + «"• *=) momentarily by ^^23 (u) , etc., and putting 

where the sign = indicates that the expressions on the two sides may differ by 
a period, the function 

where St is the value of y when x is at Zi, and Zi, .... , Zp are zeros of the 
rational function 

expressing that %,...., Zp are zeros of this function we derive that 



{Zr-h,)FiZr) 



— _y (Zr — Oi)Ji(Zr) sr^ yi 

r^i («r - h){Zr " h) Gf (z,) ^^ {x, - b,){Zr - X,) F' {x,) 

- L_ V y {Zr-h)F{z,)yi / 1 1_\ 

h - h tti r'H («^i - ^l){^r — Xi) F' {X,) & {Zr) \z, — h, Z, - I J 

\ - h tx («i - h){^i - ^2) ^'' (^0 h i^r ~ Xi){Zr - h) G' {Z,) 

+ 1 Y Vi V i^r — h){Xi — lz)F{z,) 

h-h ti {^i - h){Xi - h) F' {X,) ^^ {Z, - X,){Zr - h) G' (Z,) 

= ~ h^=h, 2 (^^. _ 5^)(/l J^) F> (a;,) [«^«- ^3 + {\ - \) ^] 

^ h==h. 2 {x,-h){x!-h)F'{x,) b' - ^^ + (*^ - ^^) ^] 
63-6, (?(6,)''^-*' 63-6, C'C&a) *'*" 



348 Baker: On the Eyperelliptic Sigma Functions. 

now we have seen that 



therefore 

p 



3^ I 2 f y, / 1 ^\ 

^ (63 — 6a) 71^,6, %.„, ,ti (P^i — h) F' (X,) \xt — b, Xi — 63/ 



nt,^b, n„^b, ,&i {<Xi — h^{xi — h 



Vi 



,){x^-bs)F'{x,) 



•2?tl>,6,63 



Hence we have, for either one of the dissections (I), (II), (III), (IV), 



^'{u 



u"' "' + u"' "' + w"' "») ^* (u) __ ^iis ju) ^* (u) 



^2 {u u"' *0 ^' {u 1 w"' "') ^'^ {n I M"' "0 ^! {u) ^ (u) ^l {u) 

~ 3fa («) ^fs («) ^? («) ^1 («) ■ ^f ^«) ^l («) 
= (t)(^. - ^3)(^:)(^ - h)C^^)ih - ^a) 4 ^^^ . i .!.. . i <. , 

which, in the case of the dissection (I), is equal to 

i {h — h){h—bi){b3 — 61) nl„j,, ; 
we can therefore write, on the whole, 

p 

= B^,s ^^(63-6.)(&3-M(^>B-6l)iS ia:,-b,)ix,-h)(x,-h)F' {x^), 

wherein the i sign denoted by 6123 is perfectly definite, it being remembered 
that in S'ia3(«) the characteristic is the sum, vrithout reduction, of the character- 
istics in ^1 (u) , ^2 (^) ) ^3 (^) • 

"We now proceed to show that 

where 6ig= %, £31 = fis, £33 = Cgs are the signs before introduced. 
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For denoting ni,^^^ as 7ii%{u), and remembering that it is a periodic function, 
we have found that 

while also, in case of the dissection (I), 

n r^A = ^^23 ^23 (^) ^ (^) _ 2eg3 ^123 (^) ^1 (m) 



— ^£33 igm7ti23 (m) \/(53— ^>^)(Z>3— 6i)(&3 — 61) 



V&3 — Jg i £12 7ti2 (m) V &2 — 5i i £13 7ti3 (w) . Vjg — ^i 
ei3 fl3 'tis (m) 71113 («) ' 

and comparing this with the former result we have the equation in question. 
The obvious equations 

''^is — ^23 = {pi — ^a) '^m > 

(62 — 63) 5t23 + (Sg — 61) 7t3i + (61 — 62) 7ti3 = , 

give 

— (^2 — h){h — h){h — h) ^m = ih — h) A% + (&3— &l) ill + (&1 — ^2) '«12 > 

and therefore, for the dissections (I), (II), (III), (IV), 

-(l:)(t)(f>' (")»-('•) 

= (^^) S5 (1.) as. («) + (1^) ss, (») ^ (u) + (I") ^, M ss («) ; 

in particular, for the dissection (I) we have 

^* {v) ^\^ {u) = 3! {u) 313 («) - 3| (t*) 3|i (^.) + 3| (w) 3f, («) , 

an equation which, for our purpose, is of importance. 

The corresponding expressions for functions of four suffixes may be set 
down here. We have 

""'''' ~~h h^i^r) t («=.) F\x:)F'{x,) ' 

and hence we find 

"^B "fsi "^13 Thi = (^2 ^3)(^1 ^4) "51834 ) 

and 

(62 — &3)(^l — ^4) '«23 7ti4 + (63 — &l)(&2 — ^4) %! '«84 + (^1 — ^2) (^3 " ^4) '^\i ^^4 = 5 

46 
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thence we deduce 



= (h — h){h — h) tA% 7i\i + (63 — h){b2 — hi) Ttii nti + (61 — b^){h — hi) 7t?2 Ttii . 

Section VIII. 

The first terms in the expansion of a f unction of one, two or three suffixes. 
Putting 

where («!,...., u^^ denotes an integral polynomial in Ui, . . . . , Up of order h, 
we have from the results of Section VI, taking x-^, . . .. , x^ near to %, . . . . , a^ 
respectively, and Xj: = a^ + ^L ^^he equation 

= ^- K + '<^p-iXx K) + — + 't^iXp-i («r)] ; 

A,. 

hence the first terms in the expansion of 

•■ 3(0) ' 
that is, the linear terms, are 

'i^p + u^-iZi K) + — + '>^\Xv-i («r) ; 

this may be symbolically denoted by 

^ — a/ 
where, after the division of P{^) by ^ — a^, we are to replace ^*~^ by Mj and 

Consider next 
3(w) 

- a „ x^^ — h ^("1^""' '') ^^"1^"''°) +y ^i 
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and suppose that hi, h^ are taken from among the 'p branch places a^, . . . . , a-p 
and are in ascending order, it will be sufficient to consider the case when they 
are respectively % and a^ ; then denoting e^^^^ by cjg and supposing »& = a^ + ^1, 
for ^ = 1 , . . . . , jj, the quantities t^, . . . . ,t^ being small, we have to the first 
approximation 






= iei3'</a3 — «! YIT (^^2 ^2 — '^i ^1) 



%1 («l) — Xl («2) 






a. 



so that if 



tt^ ■"~~ ClE'g 






the expansion of the function 

Vaj — ai ^ (0) 

begins with 

this expression may symbolically, as just explained, be denoted by 

rP{^) P{^)i 1 

that is, by P(?)/(^-ai)(^-%). 

where, after division, we are to replace ^*~^ by Ui and ^'*" by Mi. It is to be borne 
in mind that in this statement the characteristic denoted by «"• "' + u"' "' is 
unreckiced. 

Putting now 



^23 = ezsV % — «2 . ^31 = e3i'V^«3 — «i . ^18 = ^la'^^z — «1 > 
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where a^, a^, a^ are in ascending order and chosen from among the p branch 
places «!,...., Op , and £23 = Sa^a,-, etc., as before, consider the equation 

S' (W I M"' "> + U"^ "' + U"' "») 

which has already been established (Section VII). Writing for the moment 



we have 

p 



«2 — «3 L ,^1 («< — «i)(a?i — «^2) ^' («<) /^ (»•< — «i) (»< — %) ^' (a'i) J ' 
_ 2 IlMs r gia J _2i3. J_1 

«2 — «3 L ^12 ^13 -• ' 

and, for small values of the arguments the first terms of this expression, as 
follows by what has just pi-eviously been established, are those symbolically 
denoted by 

2 1 rP(e) P(f) ■_ -P(^0 P{^) 1 

ag — aj '^1 \ X3 L^ — ag • (^' — a^{^ — ag) ^' - a^ (^ — ai)(^ — as)^ ' 

where ^ is a symbol equivalent, in its interpretation, with ^; hence, if we put 

0(a;)= ^(=^) 

^^ '^ (cc — ai)(a! — a%){x — as)' 

the first terms in 3 (w | «"• "' + w"' "' + m"' "0/^ (") ^J*® *'^<^^® symbolically 
denoted by 

%M^' 4* (^) ^ (e)[(e - a3)(^ - «!)($ - ^2) - (^ - a2)(f - «i)(^'- «3)]/(a2- ^3) ; 

Aj Ag A3 
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now, so far as the interpretation is concerned, 

(f - a,){^ - a,){i — a,) - (§ - a,)(f - a,){e - a,) 
= (^ - «3)(?' - «i)(^' - «.) - (^' - <h){^ - «i)(^ -«3) 
= i [(^ - «i)U^' - «3)(^ - a,) - (e - a,)(e - a,) \ 

= K(^ - «i)(^ - r )(% - %) - (f - «i) (^ - §') («8 - «3)] 
= He -10' (a. -as). 

Thus, finally, we may state the result by saying that the function 

has for the lowest terms in its expansion those of the second degree in % , . . . , w^ , 
which are symbolically denoted by 

Thus, for example, when j) = 3 , 4) (^) = 1 , and the function begins with the 
terms denoted by + J (^ — ^'f, namely, 

+ i (M3W1 — 2ul + UjUs) = U1U3 — ul ; 
while, for^= 4, ^(^) = ^ — a^, and the function begins with 

+ * m' - (^ + e) «4 + «a le - m' + n . 
-i%(f +r-er-m 

= — W3 + ^^4 + a^ (wgttg — UiUi) + a* (wiWg — «|) . 

Cf. Schottky, "Abriss einer Theorie der Abelschen Functionen von drei Varia- 
beln" (Leipzig, 1880), p. 149, and Burkhardt, Math. Annal., XXXII (1888), 

p. 442. The form ^{x) = P {x)j{x — a^ {x — a^) is in fact that denoted, by 

Klein, by ^^ + 1-2", associated with S> (m | «<»•<'> + + w"- »*). 

The results obtained in this section may be summarized as follows: Let 

„ /,A-o ^(^ih"'"-) 
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where the characteristics are unreduced; then the first terras in the expansions 
of these functions are, respectively, those denoted by 

where 

Section ]X. 
Expression of the function 3- (m | m"' '*' -f . . . . + w'*' ''*) in terms of functions 

We have, for the dissection (I), and when the characteristic denoted by 
u"- ''' -f- u"' *' is unreduced, and the places 6j, h^, h, . . . . are in ascending order, 

^{u\u^''' + u''^'')^{u) _ ^ _ ,f y, . 



we write 



bl2 



the characteristic being unreduced. Further we write, for the present, 

^1 {u) =^{u\ W"' ">) , »i2 = ^ (« I u"' "• + W- "') , etc. 

Then we have found 

and 7ti3 — 7t23 = {bi b^) 7ti23 ) 

so that 
or 

^ (W) ^123 («) = - ^^^^ [h W ^13 («) - ^1 {^) ^33 (t*)] , 



— S23 S31 Sl2 



^1 (w) S-g («) 

4.13 (W) <|)83(m) 



(61-^2), 
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and it is manifest that the function 



^1 («) »a3 (^) — S-a (^) 4'i3 ju) 

being equal to S-(t«) B'i23(m)/^23 ^31^121 is unaltered by the interchange of any two 
of the suffixes 1, 2, 3. Further (B. 286), if a"- *» = (^'\ , u"' *' + u"^ "« = (^'\ , 

4)13 {u + «t«' *=) = e^"'") - 2"*p^ ^J^^'^^ 

_ ^V (») - ^i.y,l Y Y S-1 (W) 4)23 (^) — S-2 (t<) ^,3 {U) . 

~ ' ^^ ^^^ ^^^^ ^ («).(&, -6,) ' 

we make frequent use of this fact in what immediately follows ; for the sake of 
brevity the right hand will be denoted, more shortly, by 



Also we put 



Via .... J; = b la S13 b^as s 14 sa4 S34 • • • • SiftSzfc • • • • S*-i, fc) 



where any symbol (f,., = e^g .->/&,.— 6^ , the difference being taken so that \, \ 
are in ascending order. 

Consider now In indices 1, 2, 3, , 2jz ; divide them into two sets 

»"i> , »*» and si, S2, , s„ ; let 

I>n = (&n — 5,J . . . . (&,^ — &^„)(&,^ — &, j . . . . (&,^ _ &J . . . . (&,_,— 6^J , 

^„ = {K -K)'--- (K - UC^-a, - K) ■-••{K- K) .... (&.,-, - U ; 

then we proceed to show that 

^"^-n^*)^ia....(2«, («) = 









Via.... (2ra) 


^rZs, 


^r^, • . 


. . 4»r„»„ 





and further, taking (2»+ 1) indices 1, 2, 3, (2w+ 1), and dividing them 

into two sets r^, . . . . , r„ and s^, s^, . . . . , s^+i . and putting 
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as before, and 

then we proceed to prove that 



■K+d 



^^"'(«) ^133.... ««+!)(«) = 



'''S. oJ^S. 



~'8n+l 



?*>•».<!, 9*r„8a • • • • YrnSn + l 



Via .■■■ (g»+l ) . 
■^n J^n + 1 



the latter result has been shown to hold for « = 1 ; we deduce that if the latter 
result holds for any value of «, then the former result holds for the value n-\- 1 , 
and that if the former result holds, the latter result holds ; by combining these 
we have the truth of the theorems in general. 

If in the latter result we increase u by w^'^'-^+i, we obtain, dividing out by 
a certain exponential factor. 



DnEn + l _ 
Vl2 .... (2n +1) 



^J-^+i W ^123 .... (2» +2) (^) 
SVn + iSs.r^ + i ^ 7> J. 



' ''■n+lS«+lT*»'n + l«« + l 



K — K+. 






hr. hr 



Y Y JL ^ "-^ ^--n +1 «■ ^'•». + l *?''->.8l 



^ 



^-•n— ^'■„+l 



Y Y J_ ^'•^ ^'r^ + i s„ + i ^»-„ + i^'-„8»+i 



6, — &^ 



"^n + l 









^-•^Sn + l 



^'•n+lSl • * • * ^'•» + lS„+l 
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and hence 



^^ (u) 3-133 .... (3n + 2) (") ' 









r''j» + iSi • • • • Tr„^iSn + i 



Via ■■■■ (2ra + a) 



Further, assuming 



^'"-"(«)^12 ...(2«)W 



Via .... (2n) 






we obtain, increasing u by m«'^s»+i, and dividing out by a certain exponential 
factor, 

^^:-^*w^i.....(2«+i,(«),,^^^^ = 

Vl2 .... (3n) 
3''>>S„ + iSs, S»+l -^ J- T ' * • '' 5n.S» + l3«»S» + l~Qr T J. 



^ 



6s — is 



^ 



h — k 



^ ^ (&8,-68„J..-.(&8„-68„.,) ^" 






SO that 



3>"W^12 ...3« + lW 






^rjSi) • • • • ) 9>riS„> T>-iS„4.i 
^r„Si> • • • • ) ^r„8„) ^i-„8„ + j 

Via .... (2«+l) 
^n^n + 1 



47 
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Summary op Section IX. 

These results may be summarized as follows : Let Xj , X^, . . . . be any quan- 
tities whatever, ; let 

^123 .... 4«) = ^ (« h"' *' + ....+«"' '0 , 

where &i, • • . . , &j. are any finite branch places, and the characteristic is unre- 
duced; let ^rg = Srg'^br — hg, wherc the difference is to be taken so that bg, h^ are 
in ascending order; let Vi....j; ^^ the product of all the i?c(k — 1) quantities ^^s 
in which r , s are a pair of different suffixes chosen from 1 ,...., ^ ; then putting 



a(u) 



na ....{in) 



^(0)' 



/I1A3 .... Ajn °>12 .... (2«) 



(U) 



TT %(n\ ' (w=l, 2...) 

Via,... (8«) ^(0; 

n (ii\ — ^1^2 ^2» + 1 ^i2....(2» + i) W /„ — 12 "i 

"13 .... (S« + l) W ~ Qr?7V^ ' V — "> •'■1 '=') • • ') 

V12 .... (2« + J) 



we have 



and 



a^" "(M)(yi2....(2„)(M) = 



a<'^>(M)(yi2....(2„ + i)(«): 



^r„s. (m) . 






Z>„^n' 



-^»l^«+l 



dg^u) ,...., (y,„^^(M) 

where, in the former, if r^, , r^ and s^ ,...., s„ be any decomposition of the 

indices 1, 2, , (2n) into two sets of w each, then 

Dn = (&r. — ^r J • • • • (&r, — &0 (&r, — \^ "■• {K — K) • • • ' (K-^ " ^-"n) ' 

^n = ih^ - K) .... (5., - & J(&,. - 6«3) • • . • (&s. - 60 • • • . (^'.»_. - ^-O . 

and in the latter, if r^ , . . . . , r„ and Sj ,...., s„ ^ 1 be any decomposition of 
1, 2, . . . . , (2n + 1) into two sets of respectively n and n + 1 terms, then D„ is 
as before and 

K+i = K {K - Z'«„H- x)(6s. - KJ ••••(&«,- &.W.) • 

In these results, as already stated, &i, . . . . , ^^n + i are any finite branch 
places, and, correspondingly, ^1, . . . . , A^n + i are arbitrary quantities. 
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But in the application which we make of the formulae, b^, . . . . , S^^ + j will 

he chosen only from the p branch places a^, , a^ , and, correspondingly, 

^i, • • ' . , ^zn + \ 'twill have the values before assigned to them {Section VI). It 
follows then from the form of these equations that, in the expansion of the <r 

functions in powers of Mj, , Up, the function <yn....m{y) will begin with 

terms of degree n, and the function o'i2....(2„ + i) (w) will begin with terms of 
degree {n-\r 1). In other words, 0'i2....fc(«) vanishes to 'order ^h or ^{h-\- 1) 

xchen the arguments ti^, , u^ vanish, and has parity (— 1)**, or ( — !)*(* + d 

according as h is even or odd. We shall obtain presently the actual forms of the 
leading terms in the expansions of the functions, from which it will appear that 
the functions agree with those considered by Klein. In fact, for 1c = 2n the 
function P{x)/(x — a^) . . . . {x — a,,) is to be identified with that denoted by 
Klein by 4»| + ^~^'', the additional factor being x — a which is here to be 
replaced by 1 ; the i ^ is to be identifi.ed with the symbol ^ used by Klein ; in 
other words, the function Ci^ .... (2„,('w) is that whose algebraical characteristic is 
given by the decomposition 

(x — a) P {x)l{x — ai) (x — a^) ; Q (x) . (a; — aj) {x — a^) . 

Similarly for ^ = 2/i + 1 , we have n = i{h-\- 1) , and a^^ .... (2„+i, {u) corresponds 
to the decomposition 

P {x)/{x — ai) {x — a^; {x — a)Q {x){x — a-^ [x — a^. 

(Compare B. 436). 

We now obtain the leading terms in the expansions of each of the functions 
o'i2.... (2»)(^)) <^i2.... (2«4.i)(w)- The deduction is an immediate consequence of the 
fact (Scott, "Determinants," Cambridge, 1880, p. 121) that the determinant 



Xi — (Zj ' a3i — ttg ' 



Xn a\ x„ — a^ 



X\ 



■a„. 



Xn ^n 



is equal to 

n 



i<J 



i<J 



i=l 
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From this we find (cf. Section VIII, Summary) that if ^i, , ^„ be equivalent 

symbols, to be afterwards interpreted by the rule 

^J-^ = %, ^f' = Mi, (^=l n; r= 2, . .. , j>) 

and ^ {x) =^ P {x) I {x — ttj) . . . . (a; — agj, then the function <yiz....{u){^) begins 
with the terms denoted by 

where A (^i, , ^„) is the product of the squares of the differences of the quan- 
tities ^1, , ^„. While similarly the function a-y^ .... (u + d (w) begins with the 

terms denoted by 

(y^-j- i)!^(^^) 4»(^» + i)A(^i,,.. ., ^„H.l), 

where ^{x) = P {x)/{x — ai) (x — a^n + 1). Cf Burkhardt, Math. Annal., 

XXXII (1888), p. 442. 

Section X. 

Expressimi of the square of a theta function of three or more suffixes in terms 
of the squares of the functions of one and two suffi,xes. 

The results of the present section are conveniently representable in terms of 
the algebraical expressions known as Pfaffians, in regard to which, therefore, 
some preliminary remarks should be made (cf e. g. Scott, "Determinants," Cam- 
bridge, 1880, p. 74). 

Let (12) denote any algebraical quantity, and (21) = — (12), and let 
(12 ... .A;) denote the integral rational expression, of order h in the quantities 
(rs) , which is defined by the equation 

(12 ^) = (12)(34 ^) — (13)(245) h) + (14)(235 ....h) 

— + (1^)(234 h—l) 



= (1 2)(34) ....{k—lJc)± 

where the other terms of the latter form are obtainable from the one written 

down by interchange of the indices 2, 3, 4, , with proper changes of sign. 

We suppose Jc to be even, = 2n; when Jc is odd the function vanishes ideuti- 
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cally. The square of the function is equal to the determinant whose {i,jy^ 
element is {ij) when i<ij, and — {ji) when i >/. 

In regard to this expression we utilize the two results : 

(I). If in the expanded result every element such as (12) be replaced by 
{xyli), that is, by 

{xy){12)~{xl){y2)+{x2){y\), 

X and y being indices other than 1, 2, .... , 2ft, the result will be 



{xyy-'^ {xyl^M 2n — 1 . 2w), 

namely, we have 



{xyl 2){xyZA) . . . (£C2/2w — 1 . 2n) ± . . . = {xyf~^ {xyl 234 . . . 2w — 1 , 2m) , (I) 

For instance, n being 2, it is easily verified by direct calculation that 
{xyl'i){xyZA) — {xylS){xy24) + (xylA){xy2S) = (xy){xyl2S4:). 



(IT). If in the expanded expression of the Pfaflfian (?/123 . . . . 2n + l), 
namely, 

(^1)(23)(45) (2n. 2w + 1) ± , 

we replace every element whose symbol does not contain the index y, such as 

(23), by a PfaflSan of four indices {xy2Z), and replace every element involving y, 

such as (yl), by the corresponding element in which x replaces y, namely (xl), 

the result will be 

{xyY{xl23 2n+ 1), 

namely, we have 



{xl){xy2S)(xy4c5) {xy2n . 2n + 1) ± = (a;y)"(a;123 2n + 1) . (II) 

For instance, when n = 1 , we have, as is easily verified, 

{xl){xy2S) — (x2)(xylS) + {xS){xyl2) = {xy){xl23). 

To prove (I), notice that the expansion 

lixy)(12) - ixl){y2) + (x2)(2/l)] .... [{xy){x^) - (xa){y^) + {x^){ya)-] .... 

[(x2/)(2w — 1.2n) — {x2n — l){y2n) + {x2n){y2n—l)'] ± 

is {xyy{123 2n) 

+ («y)""Hl2)(34) {2n—l 2n){x^){ya) ± 

+ (a;^/)'*-^ (12)(34) (2ft — 1 2n){x^){ya){x^'){ya') =b 

+ .... 

+ («^i)(»j^s) — {^^n){yo^i) — (yccn) ± — > 
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wherein, in the second line, the product (12) (34) (2w — 1 2n) does not con- 
tain the factor (a/?), and in the third line the product (12)(34) {2n — 1 In) 

does not contain the terms (a/?) , (a'/S') , and so on. 

Now the aggregate of the terms in the last line, which are those in which no 

factor {xy) enters, is zero ; for to every term {x^^ .... (x/3„)(?/ai) (2/«n) we 

may make correspond another term, also occurring in this line, which differs 

from this one only in the interchange of two of the indices /3i , j5„ ; on 

account of this single interchange this corresponding term will have a different 
sign from that of the term written down, and the two terms will cancel one 
another. 

A similar argument applies to every line of the expansion except the first 
and second ; for instance, in the third line corresponding to the term 

{xyY-^ (12)(34) .... (2n — 1 '2.n){xp){ya){xp'){ya!) 
there is a term 

(a;y)"-^(12)(34) {2n~l 2n){x^'){ya){x^){ya') , 

which, on account of the interchange of /3 and /?', has a different sign from that 
of the term written down. 

The first and second lines together clearly give 

{xyy-^ l{xy)(l23 2re) — {xl){y2S 2w) + {x2){yl3 2n)— ] 

= {xyY-'^{xyl2 2n), 

which proves the theorem. 

The result (II) can be deduced from (I). In virtue of that theorem, the 
expression on the left side of equation (II) is in fact 

{xl)(xyy-'^{xy2S 2w + 1) — {x2){xyy-^ {xylS 2n + 1) + 

+ {x2n + l){xyf-'^ {xyl2 2n) 

= (»?/)" ~^[(»l)(a;2/ 23 2/1+ l) — {x2){xylZ.... 2/i+l)+ 

+ {x2n+ l){xy\ 2 2«)] 

= {xyy-'^ \_{xxyl2 2to + 1) + {xy){x\ 23 2ra + 1)] 

= (a;^)"(£Cl23 2n-\-l), since {xxyl2 2« + l) = ; 

and this proves the result in question. 

In the applications now to be made of these theorems (I) and (II), we 
put S-rs (w) to denote 3> {u \ u'^- ^^ + «"' *' ) , where h^, bg are any two finite branch 
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places, and, more generally, ^j^ .... ^(m) to denote ^(m|m''' *■ + ....+ w"* **), and 
we put, for the elements {rs) of the Pfaffians which occur, 

whenr<s, (rs) = ^rs(«). with (Os) = '^^,{u), 
r-^s, \ts) = —%1,{u), with {rO)~—^l{u); 

for the sake of brevity we replace 3-?, {u) simply by %%, and S-?(m) by S-?. 
The results to be obtained are those represented by the equations 

^^<»-"H^L....a» W = (12....2n), (^=1 2 3 ) (III) 

^""^ (t*)^f2..,.2«+i(^*)=(012....2»i + l), ' ' ' 

which hold for the dissection (I) of the Riemann surface by means of which the 
theta functions are defined. 

The method of proof is by induction. We have already proved (Section 
VII) that 

^' («) ^'m («) = ^f («) ^is W - ^l («) ^!s («) + ^i («) ^f2 {u) . 

or, as we write it, 

^'^m = (0123); 

we assume that 

^'"^?2....(2« + i, = (012....2»i.2»i+l), 

and we deduce that 

^'" ^3 . . . . (2» + 2) = ( 1 23 . . . . 2« + 1 . 2n + 2) , 

and 

^'" + '^12... (8n + 3) = (012 . . . . 2w + 2. 2n + 3) ; 

these suffice to prove the results (III) in all cases. 

It is worth while to illustrate the nature of the proof in detail by deducing 
from 3-^ 3^23= (0123) the next following case, namely, the equation 

^ =''1234 <^12 ^3i <^13 »'^24 r ^U "^23 • 

We have, as cases of the equation %^'^%s =.(0123), the following, where 1, 2, 3, 4 
are associated with any four finite branch places in ascending order, namely, 

Q 2 Cl2 «s 2 tt2 V Cs a I Q 2 Q 2 

»'^ «'^234 ~'2 ^3i ^i ^a t ^i <>J^2S ) 

<i2 C12 Ci 2 Q.2 Ci2 G 2 I G 2 G 2 

Q 2 02 «V2 O 3 «i,2 Q 2 1 <i2 G 2 . 

^^ »''124 ~^1 ~^24 '^^ ~^14 T^ ~^4 <^12 > 
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from these we deduce 

S' (^14 i)'234 ^24 ^134 "T ^34 ^124) ^^— °^4 (=''12 =^34 ~'13 ~"24 "T" ^li ^^as) > 

but from ^-^^•^23= (0123), by increasing the argument by the half-period u"'"'-, 
we deduce 

Q 2 <i 2 Ci 2 C^S Q2 (i2 1 «^2 Q 2 

hence the result in question follows. In other words, the functions %^{u) '^%i{u), 
^* {u) S'fjgi (m) are square roots respectively of the determinants 



, 


^!, 


3-2 > 


^1 


» 


, 


^121 


^13) 


^L 


-^\, 


, 


V 
•^n^ 


^13 




=^12) 


0, 


^23) 


^24 


■ ■ ^2) 


^12) 


, 


«*23 




^2 


^23 1 


, 


«*34 


■ »''3> 


^13) 


3^23) 







V 


'=^24) 


3'34> 






Similarly, for the next case, we deduce from S>^^ia34 = (1234) that 



Ci 2 «i 2 G 2 ^2 Qi 2 G 8 _i_ <:i 2 tt 2 

•^^ =^12345 — ®'^ia5 <»'^345 '>'lS5 '>'^^46 "T"<>'^145 '^i 



235 > 



and hence, by substitution of the PfafEan expressions for S-^S'fas. etc. 
3^*^13345 = (012345), which is a square root of the determinant 



that 



0, 


^l, 


»''3 » 




^l, 


^1 


-^f, 


, 


^12) 


^13 > 




S"15 


-^1. 


^12) 


, 


~"23) 


^24) 


=5'25 


'''3 1 


~l3) 


^23 > 


, 


%2 


^15 


«>'4, 


»''14> 


^24) 


<^34) 


, 


^^45 


-^l 


S>i5, 


^25) 


^35 1 


='45» 






We pass now to the proof of the general formulas (III) ; if in the equation 
S>^"^i2 .... (2» +1) = (012 2n 2w + 1), namely, 

%,2n ^2 Ci 2 ^2 ^^2 i_ 

"'^ "^12 .... (2n + 1) — «^1 ''''23 • • • • '>''2«.2n + 1 ^^ . . . . , 

we increase the argument by the half-period m"- ^^'■+2, we obtain 

G 2» ^,2n Q 2 <^2 QN 2 Q2 Q2 ^2 _l. . 

^ '^in + 2 =^12 . . . . (2» + 2) — <^12n + Z- '^ o^23 2n + 2 ■ • ■ • "^ ^Zn . 2« + 1 . 2n + 2 =t . . ■ . , 

here the right side is 

(1 . 2n + 2)(023 2w -|- 2) (0 . 2n . 2w -fl . 2n -j- 2) d= , 

= l(xl){xi/23){xy4:b) . . . .{xy 2n 2n + l) zL ](— 1)" + S 
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where x is put for 2n + 2 and y for ; by the theorem (II) of this section this 

is equal to 

(_l)» + i(a;?/)"(xl23 2w + l), 

= (0 2w+2f(123 2n-\- 2), 

= ^|» + ,(l23....2w+2); 

thus ^^^f3....(8n + 2)=(123....2w+2). (a) 

Replacing, in the last obtained equation, nhy m — 1 for convenience of writing, 
we have 

^8 (m — 1) «i2 5^2 «^a ^,3 _I_ 

o'' '^]3 . . . . 2Jtt '^li ^Zl .... liJ-Zm — 1 . 2m ^^^ • • • • ) 

and hence, adding a half-period «"• ^^^+1 to the argument, 

oJ^ «^2m + l '^a .... (2m + 1) <>'^ '^12.2m+ la'^a "^Sl 2m + 1 ••••»'' '^2m — 1 .2m . 2m + 1 ^^ • • • i 

= (012 2w+l)(034 2m+l).. .(0 2m — 1 2m2m-\-l):h ..., 
= {x'i/12){xy34) . . . '{xy 2m — 1 2m) zh . . . , 

where x,y replace and 2m + 1 respectively; by the theorem (I) of this 
section the right side is equal to 

[x2jY - ^ (xyl 234 2m — 1 . 2m) 

= (0 2m + l)*"-^ (01234 2w.2m + 1) 

= ^iiVi"- (012 . . . . 2m . 2m + 1) ; 

hence, dividing by S-fiT^Ti^^ and replacing to by w + 1 , we have 

^'<" + »»?2.... (8„ + 3) = (012 . . . . 2« + 2. 2n + 3). {(3) 

Now as the first of the equations (III) is identical when n = 1 , and the 
second of these equations holds for w = 1 , it follows from the equation (a) that 
the first of the equations (III) holds when w= 2, and thence, from the equation 
(/?), that the second of the equations (III) holds for n = 2 , and so on. 

Two remarks are to be made : 

In the first place the two results in equation (III) are not to be regarded as 
independent; since if in 3>fa .... (Sn + i) ("") we suppose the branch place 6^,. + ! to be 
the branch place a, at infinity, the function becomes the function S'?^ ...2„(m), 
while similarly the results for smaller values of n are to be regarded as particu- 
lar cases of the results for larger values. (Of B. 473, 525.) 

In the next place, in the applications which are here to be made of the 

equation (III), it will be supposed that the branch places b^, h^, are chosen 

from among the p places a^ ,...,, o^ . 
48 
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Section XI. 

Proof of an addition equation for hyperelliptic theta functions. 

The equation in question is given by Konigsberger, Crelle, LXIV (see also 
B. 457). Let Br denote the characteristic associated with the half-period w*'^', 
h^ being one of the 2p -\- 1 finite branch places ; let A be an arbitrary half 

integer characteristic. Denote the 2^ characteristics A, AB^ B^, formed by 

adding the characteristic A to any combination of 0, 1, 2, . . . . , p of the charac- 
teristics ^1, , Bp by §1, Q.,, Q^, where s — 2^. Then if G be the 

characteristic associated with the half-period m*" "' -|- . . . . -f u^"' \ every one of 
the quantities S-(0| OQiQj), where i is not equal to J, vanishes in the hyper- 
elliptic case, though the characteristic CQi Qj is not necessarily odd. 

For 



(CQi Qj^u"^' "^ + ....+ u"-- "" -\- M*- « + . . . 


. . + tt'"- «, 


= «"" " + -f tt«*. » + M»/:+l. «*+! -f . . , 


, . ^ u^p< »p. 


= M"^' " It*" «' .... tt^P-l' "P -1, 




= ^t''" "' + -I- w'"^-i. ",,-1 -[. ^«. <h>^ 

ided 




(xi, ,35^-1, a)^{a, a, , a, b,, + i, . 


..., bp), 



wherein, in the bracket on the right hand, the number of letters a is k, and 

is not zero. In other words, by taking x^, , arp_i respectively equal to 

ai, . . . . , a, hk + i, , bp — where the number of letters a is ^ — 1 — we can put 

the half-period with which the characteristic CQi Q^ is associated, into a form 
differing only by periods from 



u""^ « — «"'>' «i — . — u^r-i'y-i- 



this proves (B. 258) that the function S- (0 1 CQi Q^) vanishes. 

Now, since 2^+1 theta functions of the second order and of characteristic 
zero are connected by a linear equation, there exists an equation 

a^(u + v)^(u — v) =^a,^' {u\ Q,), 
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wherein a, a^ , a^ are constants. In this equation increase u by the period 

Xlp + Hg^ ; then it becomes 

a^{u + v\G+ Q,)%{u-v\G + Qr) =2«x«-*"'^^ + '^''"^ ^'{u\G+ Q,. + Q,) ■ 



A=l 



therefore, putting w = , we deduce 



a ^^ (0 1 C + 2 g,) e-*"^ (^' + «^) «' ' 

and therefore, assuming that 3> (0 1 tt*" "'+....+ «***■ "*) is «oi« gero, 

^r ;_ ^,ri I C I + iri I C, Q, I ^ (?' I C + g,) 

a ^^0 1 C) ' 

so that 

e"* I ^1 ^'^ (0 I (7) ^ (m + «) a (m — ?;) = 2e" "''^ ' ' ^H« I a) ^' (^ I <?a) . 



A = l 



which is the addition equation in question. In regard to the assumption made, 

the half-period 

«*'•"' + + w"*""^ 

can be congruent to an expression of the form 

u"""' + + m'^!'-" "i-i + u"' "" 

only if a be among the set hi, . . . . , b^; as we have excluded this possibility, the 
function S-(0| (7) does not vanish (B. 260). 

In what follows we consider only the case when the branch places h^, . . . , bp 
are the jp places a^, . . . . , a^; and we take the characteristic A to be zero ; then 
the two results we have obtained are : 

(i). Let Ai denote the half integer characteristic associated with the half- 
period m"' "*, and consider the 2^ characteristics 

0,-0-1,...., Ap , A1A2, , . . . , Ap _ I Ap , . . . . , AiA<i . . . . Ap ; 

if Q denote any one of these characteristics, other than the first, the function 
^{u\Q) vanishes for zero values of the argument, though the characteristic Q is 
not necessarily odd. This result holds for any hyperelliptic case. 
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(ii). We have, in the hyperelliptic case, 

%' {0)^ {u ->t v)^{u — v) = ^%\'a\Q)^\v\Q), 

where the summation extends to the system of 2'' characteristics enumerated 
in (i). 

Section XII. 

Proof that "^{u-^- v)%{u — v)l'^^{u)'^^{v) is expressible as an integral polynomial 
in each of the sets of \p (p + 1) functions 

and deduction of a set of 2^ formulce of this hind. 
We put 

and, in the equation, proved in Section XI, 

^2 (0) ^{u + v)^{u — v) = ^' (u) ^« (v) +X^l {u) ^]{v) + 2 ^1 (u) ^j (v) 

wherein B-^ {u) denotes 3- (w| w"- "*), etc., we suppose m^, . . . . , w^ to be small, and 
expand both sides in powers of Ki, . . . . , u^, and then equate coefficients of the 
same powers of %,...., m^ , on the two sides, up to the second powers of 
these quantities. On the right side the functions of three or more suffixes do 

not give any powers of w^, , u^ below the fourth (Section IX), and therefore 

the coefficients in the expansion of such functions do not enter into the resulting 
equations. Supposing that 

^4^ = 1 + i {Gnu\ + + 2C12M1M2 + ) + , 

^=A,u, +.... + P,«^ + 

;. /,A (*,i=l, 2 ,p) 

^m = A,u, + ..,.-\-p,^u^ + 
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the developed equation, as far as it involves second pow^ers of Mj, . . . . , Wj,, is 

1 — S2 «i % Py (v) = 1 + 22Cy Ui Uj 

and by equating the coefficients we have the following Jp (p + 1) equations for 
the determination of the ip (p + 1) quotients 

as integral polynomials in the quantities jj^ (v) , 

f i, j 



SJ 



—Cp^p- 1— 9p.p-i (v) =2-^* ^» ^* (^) + 22^^- ^^ ^« (^) ' 
— Cp, 1 —Pp,i («) = 2^« ^* 2? (^) + 22 ^*i ^«- ?« ('') ' 

the solution of these equations is given in the next section. 

Substituting in the addition equation of Section XI the values for g'f (u) , 
2i (^) » 2v (**) > 9v (^) ' which result from these equations, it takes the form 

wherein (%(«), ^y(v)) denotes an integral polynomial, linear in each of the 
two sets of ip{p+ 1) functions Pij{u), Pij(v); but, now, it follows from the 
formulae (Section X) 

3> ^"~ (U) S'j3 .... 2„ (u) = S']2 3'34 . . . . S>g„_l2n ± . . . . , 
3> {U) S>i2 .... g„4.i('M) = 3-1 3>23 • • • • ^an.2n + l^ • • • • > 
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that the quotients q\k ... (w), of three or more suffixes, are expressible as integral 
polynomials in the quotients g'f(w), ^K^) ^^ o^® ^'^^ *^<^ suffixes, and therefore 
as integral polynomials in the ^p {p + 1) functions pi^ (u). 

Hence the function ^{u-\- v)^{u — v)l%^ {u) 3>^ (v) is expressible as an integral 
polynomial in the p{p ■\- 1) qwxntities p^j (u) , f^ [v) • 

We pass to a further consequence. Suppose that in the addition formula of 
Section XI we increase the argument u by Q.^, where Q is the half integer 
characteristic associated with a half-period of the form 

then the formula becomes 

where Qi becomes in turn every one of the 2^ — 1 characteristics formed by 
combinations of 1, 2, . . . . , ^ of the fundamental characteristics Ai, . . . . , Aj,; 
hence 

here, on the right side, every theta quotient which occurs is of one of the forms 

where Qi is one of the group of 2^ characteristics previously considered ; 
now we have shown that every quotient y(w| Qi)/^^{u) is expressible as an 
integral polynomial in the functions d^ log ^{u}/duiduj; it follows that every 
quotient ^^ {V'\QQi)/^^{u\ Q) is expressible as an integral polynomial in the 
functions 

we have therefore the result : 

Let Q be any one of the group of T charaGteristics 

befcyre considered; let ^iji,u\ Q) = — c^ log^(t<| Q)/dUiduj ; then the function 

^{u+v\Q)^{u — v\Q) 
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is expressible as an integral polynomial in the p{p + l) functions Pij{u\Q), 

Section XIII, 

Explicit determination of the ip{p + l) theta quotients gf («). q% {'^) > *« terms 

of functions Pij(u). 

To solve the equations of Section XII we notice that, as follows from Sec- 
tion VIII, the dissection of the Riemann surface being (I), we have 

A + a,5, + .... ^a^-ip^ 

= ^[;tp-iK) + «i%p-2(ar) + + a?~^%iK) + «?"'], 

= , when i^r, 



— -^ P' (a,.) = iXrVf {a^)/4., when i = r. 



and 



Ar, + a,B„ + .... + af-'P„ 

y 
= — jj^ [4p-i(«r, a.) +«i4'p-2K, a,) + . .. + ar-^,{a„ a,)+ af-^O)], 

= 0, when i^r, i=f=s, 

therefore, taking the last 2> of the equations before given (p. 369), and remember- 
ing that P„ = for every value of r and s, we have 

— { \ppp + Ppp («)] «r ' + fc^p_i + Fj,,p-i («)] <-' + .... + K + fp, 1 («)] } 



= iV/'(a,)/4.2?(t*); 
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also, from the same equations, 

P V 

i = l j = l 

=2[^i + a,. A + . . . . + ar'PJC^. + a, 5, + . . . . + af-'Pj ^? (w) 

i = l 

J) p 



i=i j=i 



- _ ^'r. P' jar) P' K ) . . . 

where a^ ~ <3J«) = ( Aji'^r — <*«)) denotes the difference so chosen that a,, a^ are 

in ascending order. 

If then we write Mr = iVf {ur) / 4 , so that P'(ar) = KMr, we have 

^2 (w I ««''"■)_ 1 ^r . r \^ «-i 

i = l 
^^ (t. I ^"^ - + ^"^ "0 - ( a)^^'- ~ "^-U <.. _^ ... ,_, ,_, 

or, using the sigma functions (Section IX), 

al(u) ]_ ^ 

a^ (u) ~ Q (a,) L ^""P' i + ^P. « (^)] «r ', 

i = l 

(T^ (m) "" g (a,) g (a,)Z Zw C^^. .'■ + S''. J ("■)] «-~ ' «r '. 

<=1 3 = 1 

where § (a;) = (x — Cj) . . . . (cc — Cp)(jc — c) . 

It is to be noticed that if instead of the function S-(m) we use S(w), 



p p 



; e**='"'S> (w), where Cu^ denotes a quadratic form in % ,Up, =2 ^Gi^UiUj, 



i = l j=l 
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then the quadratic form J cm* occurring in the expansion, ^4^ = l + Jcu^H- . . . , 

is increased by ^Gv?, and the function &ij{u), = — d^' log '^{u)j^UidUj is dimin- 
ished by Gi^. In other words, the quantities c^ + ^«(w) are independent of the 

particular exponential by which we pass from the functions ® (** i (^ j ) to the 

functions ^ (** U (^ )) > = e"""© Tt* i (^ j) • This is as it should be, because 

the quotients q^ (w), qr,{u) are equally independent of the exponential factor e''"\ 
The quantities a^ occurring in the exponential e""', are such that 

T" C' dx dz 2ys + F{x, z) _ -rj^, a _ o V Vf? «^' « «-. « 



2/s 4 (cc — 2) 



»=l :(=1 



where wf ",.... , w^- " are the fundamental integrals of the first kind, TT ' is 

Riemann's normal elementary integral of the third kind, and F{x, z) is a 
rational integral expression, symmetrical in x and a, and of order j) -f 1 in each, 
which satisfies the equations 

(cf B. 194, 315); conversely, any rational integral expression in x and z, of 
order /) + 1 in each, which satisfies the equations just written, may be used in 
the integral 



r r ^^ 2yg + F(x, z) 



ys 4 (a; — zf 

and will give rise to corresponding values for the quantities «y ; for the differ- 
ence of two such expressions as F{x, z) is necessarily of the form 

{x-^zf\_x, S]p_i, 

where [a;, 2]p_i denotes a rational integral expression symmetrical in a, s and of 
oi'der p — 1 in each. Particular forms of such an expression F{x, z) are 
(a) if 

F{x, z) = 2»* ^' [2a,, + ;i,, + 1 (x + 2)] ; 

i = 

49 
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(/3)if 

(r) 

F{x, z) = 4 [P(x) (>(.) + P{z) Q{x)-] . 

When the expression F{x, z) is once made precise, or what is the same thing, 
when the quantities a^ are given, it should be possible to determine the coeffi- 
cients G^ occurring in the expansion 

g4^( = 1 + i(cnMi+ + 2012^1^*3 + ) + ; 

we proceed to prove in fact that these coefficients are given by the equation 

where, on the right hand, after the division has been carried out, as is always 
possible, we are to put 

For this we may employ the formula 



i=i j=i 



Tl I Jiry ' ' ' *f->Q I 



which is independent of the particular form of the polynomial F{x, z) adopted; 
this formula is deducible by differentiation from the well-known formula 

e {vT^ " H- u'^' "' + + w^^' '^) /© (u"' "+ W" ">+ . . . +u"''^) 



2j lili, 'ci ~ ^^ Le (w*' « + tt^" "' + + w""' "4 / («*' "+ «*"" "^ + . . . + M'^'" "4-' ' 

where Sf, Cj denote the places conjugate to Zi and c^ respectively. 
It is easy to see, by differentiation of the equation 

§4^ = 1 + ^2 %^v'^^i'^J+ ' 
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that when the arguments are zero, 

^ij(0) = — cy; 

hence, if in the formula quoted above we put a; = a, Xi = % , £Cp = a^, we 

obtain 

1 = 1 J = l V "^ */ 

and, similarly, if we put x = a^, Xi'=- a-y, . . . . , cc^ = «r , • • • • > cCg = a , 

Xp=:ap, we obtain 

-Vc .a*-i — lim -^('"' ^'■) (e) 



i = l 



from theijp(2) — l)+p = ip(^+l) linear equations (^), (e), we can deter- 
mine the ip (p + 1) quantities c^^- ; in order then to prove the formula 



p p 



Vja Uj <v — — -^ 



i=:,=x"^ 4^^^ 



it is sufficient to prove that it includes the equation (5), (e). This is immedi- 
ately obvious. 

In particular when, for 

f{x) = ;i + ;iia! + . . . . + \,x'^ + 4x'^+\ 

we take 

p + i 



t = 

we find 



3=1 
and therefore, if 



'^c,,,z^-^ = P{z)-z^, 



P(x) = xP + c?i!bp-^ + d^a^-' + ....+ dp, 
we have Cp, ,• = d^^ ^ + 1. 
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It follows from these results that the formulae put down at the commence- 
ment of this section can be written 

_if^M^^)=:n(a)«i(!^)-yai-i^ f,A IJm ^^""^ ^-) 



V p 



in the second of these the right side is (Section VI) equal to 



2 2<-«'.-v«w-jS^ 



4 (a, — a,f ' 



from the first of these we can deduce the equation satisfied by the values of 
Xi, . . . . , Xp which satisfy the inversion equation 

Mi = w«" " + + w?' <^'; (* = 1, 2, , J?) 

for let the coefficient of a^ +^ in jF'(a;, z) be 

T{z) = ^o^^' + i + t^z^ + t.^^-' + ....+ tp + , ; 



then we have 



further 



lim f(f'^') =iy(a.); 



m=^+^+t 



T(a^) 



u^\' 



P(^) \^^(x—ar)P'{ar) 



where A = ti — t^di , 

and therefore 



hence (x — Xi) . . . .(x — x^), = F(x) , 

-P(x) \f P{^)F{ar) 



Baker: On the Hyperelliptic Sigma Functions. 377 

is (by Section VI) equal to 

PK^)+2^(x — a,) P (a,) ^2 {u) ' 

r = l 

= ^w-| (. -l)p w [S<-v,..(«)-ir(.,)] , 



i = l 



thus the equation for Xy, . . . . , x^ \& 



i r(a;)— ^^'^-^..^W = i(^oa; + ^- 4) P(a;) ; 



i=i 



in particular when 



y+l 



F{X,Z) =2 *' 2;' [2;^2i + ^2i + 1 (a; + 2)] : 



i=0 



and/l2p + a = 0, ;\,2^^i=:4, we have 7 (a) = 4x^, #o = > ^i=4, J. = 4, and the 
equation becomes 



X 



;^ — a^- Vp. j> (m) — a;''" Vp, ^-i (w) — .... — Fp, i (m) = 0. 



(Cf. Bolza, American Journal, XVII (1895), and B. 324.) 

For the sake of completeness we put here also a particular case of a 
formula given by Bolza (Gottingen, Nachrichten, 1894); from the ^p{p-\-l) 
equations expressed by 



2 2%W4-^- = ^?%^*i', 

i=l j=l ^\rr Xg) 

where m- = «?"«' + -j- u^^ "", (* = 1, 2, p) 

and Xr, Xg are chosen from tcj, . . . . , ajp, we can obtain the algebraic expressions 
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of the hp{p-\- 1) quantities g>ij(**) ; the result is that, for any values of x and z, 
we have, with F{x) = (w — x^ . . . .{x — £Cp) , 



_ [F{x)P{z)-F{z)P{x) } [F_{x) Q {z)-F{z)Q{x)] . 
(x — zfF{x)F{z) 

to prove this it is sufficient to see that this last result includes the ip{p + 1) 
equations before given. Now putting x^, Xg for x, z, the right side of the 
formula last written becomes 

1 FM jp(^\ r 'Ml 4- Ui 1 

^ ^-^^ ^^^ l{x, - x){x, — z) F> (xr) ^ (x, — x){xs — z) F> (cc,) J ' 

■ X /(^) F{x) , f{x) F{z) P{x)Q{z) + P{z)Q{x) 
^{x — zfF{z) "" (x — zf F{x)^ (x — zf 

_ 4 [P(Xr) Q (X,) +P(Xs) QjXr)-] -^rVs ^ 
4 \Xf Xg) 

which is in accordance with ip{p — 1) of the equations in question; while, 
dividing hy x^-^ and putting z'=Xr, we obtain 

= Vc .aj^-i+lim ^(^' ^r) 



1=1 



.=..4xP-^{x — x,f' 



which is in accordance with the last p equations in question. 

In conclusion we calculate the values of c^, 0^3, c^^ for jp= 2, with various 
hypotheses in regard to F{x, z). 
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When 



/(a;) = a + %ix + \^ + :^3X^ + \x^ + 4a;^ 
;' + ! 
F{x, z) -^x'z'i'2.\i + ;^2i + i(x + a)] 

= 

= 2;H- ;ii (« + 2) + a;2 [2\ + ;i3 (a; + z)] + x^g'' [2;i^ + 4 (a; + e)] , 
we have already found 

thence from 

cu + Cia (ai + a,) + c^^ «! a^ = — ^ (a|^!l ^S ' 
we have jP(ai, ag) 

now 

= (» — 2)^ [— %^ — X,{x + z) — \ {x + zf — A{x + z){^ + XZ + z^y] , 

and therefore 

4cu = ^2 + X3 (ai + aa) + ;i4 (ai + a^^ + 4 (aj + a2)(a? + ttj ag + a|) , 

or, if we write 

f{x) = 4 (»« + 5J.ia;* + 10 Ax^ + lO^x^ + S^^x + A^), 

then Cji = IOJ.3 + 10 Jg («i + ^2) + ^A («i + ^s)^ 

+ (ai + a2)(al + aj a^ + a|) . 
If, however, with 

/(x) = a«= 4i>|5|, 

we take -F'Cx, z) = ^a%al, 

then Cu + Cij (x + 2) + CgaaJs, 

~ {x — zf 

— ^{vqf{Pxqz+p^qx), 

as can easily be calculated. Hence, putting 

f{x) = 4 (x^ + bA^x* + lOA^x^ 4- IQA^'x? + 5J.4X + J.6), 
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we find, with Ax = — % — a^, Ag = % a^ , that 

•322 = ^1 — 2 J-i , Ci2 = Aa — J,2, C„ = —Af + SAfJ-i— 10^1^2 + 7*1/^2 4- 6^3; 

if we denote these by c^, Cjg, Cu, and those just found by g.^, Cig, Cu, we have 
^82 — % ^^ 2J.1 , Cig Ci3 = A^ , C'li — Cu = 4 J.3 . 

In other words, the theta functions formed with F{x, z) equal to the former 
value are obtained from those formed with F{x, z) =■ 2a|a|, by multiplying by 
the factor 

Section XIV. 

Evaluation of ^ (u -\- v) ^ (u — v)l^^{u)^^(v) in certain cases. 

Putting ^13 (ti) =^(u\ u"' "•■ + u"' "") we work out first the case, in which 

p=: 2, of 

S-ia {u + v) 3-12 (u — •;;) 

From the addition formula (Section XI), by adding the half-period 
u"' "' 4- u"' "■' to the argument u, and dividing by ^fg (^) ^12 {^) we obtain, on the 
hypothesis of the dissection (I) , 

S-^ (0) \, {u + v) ^12 {u — v) ^ ^ _ %^ ^l i|__,__M. J_ 
S>j2 (w) ^12 yo) P12 S-12 3-12 Via ^12 ^12 

where S>, S-i denote 3- (w) , 3' (t* | «*"' "') , and B,di,.... denote S'(v), 

3- (v [ m"' "') , Now if Lij be defined by 

we have (Section XIII) 

-^ = j^ {Lzi <*i + Ai) ) -^ = y ( A2 ^3 4- Ai) ) 

— _ 0(2 — «i ^i^^ ^^ ^ ^ ^^ (-^^ ^ ^^^ _^ 2:11] ; 



^\, M,M, 
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hence 

a^ — «! S-fg (m) S-fg (w) 

= ( A^ — Uz) «i ag + (Ai — ^'i)(«i + aa) + Xu — i(i 

"2 — "1 

where i,(; is the same function of v that X^ is of m ; and if we use Py- to denote 

jpy {u j it"' «' + m"' "»), and j?4- to denote jj^- (v | w"- "» + %"• "^) , this gives 

(F22 — ^22) «! «2 + (^21 — ^^i)(ai + ag) + «»ii — Pi'i 

+ (F2I + C3i)(p32 + C22) — (^21 + C2i)(F,3 + C^g) , 

= Fu — 9'n + (8?2i — ^3))(«i + «2 + %) + (fe — 9'n){ax «3 — C31) + F21 ^22 — fe 9n ■ 

Recalling the definition of the cr-function (Section IX), we therefore have the 
result 

_ <^>^(^ + ^)^i^(^-^) = ^,, (.«) _ p^^ (,) 4- [p^^ (^) _ ^^, («)](«^ + a, + c,,) 
"12 (,^; "12 v^; 

+ [fe («) — P23 («)] [«i «2 — C31] 

+ fii («) P23 («) - Fa2 («) ^31 (w) • 
Hence, if 

f{x) = ;i + Xiw + X^x'' + + ^-4 05* + 4a^ 



p 



F{x,z) =2** 2* [2^2^ + \,^ 1 (cc + z) , 
we have (Section XIII) 

- - ^ ^^2^ (,/) ^1 (^) ^ = S'n («) - ^u (^) + «?2i (") IP22 {v) — <Pz2 («) 9-n (^) ; 

while if 

f{x) = 4 (x^ + 5^3;* + lO^a;^ + lOA^x^ + bA^x -^ A^) 

and F{x, z) = 2alal, 

we similarly have 

- '"Kt^^^.itr^ = "" (») - "'■ w - ^'^^ f'^ w - -' (")! 

+ A Cfe (W) -- P22 («)] + ^21 («) 922 («) — ^21 (^) ^28 («). 

50 
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In either of these the function ^^ {v) is given by 

The forms here obtained for the right sides in these equations can be 
variously modified by utilizing the fact that the three functions ^u {u) , Pi^ (n) , 
jjgg (u) are connected by an algebraic equation. 

Consider next the case, for p = 3 , of the function 

S-123 (« + ^) S-123 (U — V) 
«^123 ('■") ^123 (*') 

where ^^^ (u) = ^(n\ u"' "^ + u"' "' + «"• "=). "We put, in the course of the work, 
^■123 for 3>i23 (w) and ^^g for ^j^g {v) , etc. ; further, we put 

iPii {'») = — 3^^. log ^123 (v) = pIj , 
and ^ = j?ii — Fu, F=ip^ — p^, 

^ = fe — JPSS, G' = j?3i — ^31, 

0=933 — pis, H=9iz — 9iz- 
We have, for the dissection (I), 

<i2 <i 2 Q 2 G 2 ^2 <i 2 I Ci 2 Ci 2 

oJ- oJ-ias — ivri »^2s — ,»^a »>3i nr org (^^l2 , 



and therefore 



°^ "J^I =^28 ^ "^31 _r_ »^8 '^12 . 

Q2 <^2 • G2 ^.2 * <^2 ' ^2 • CV2 ' 

o'lSS '^l^ '>'123 o'^123 »'^123 s'lZS '^'^12: 



'123 ''123 ~^123 ~^123 9^123 ''^123 "^liS 

also, by the addition formula (Section XI), by increasing the argument u by 
the half-period u"' "' + u"' "' + u"' "', we have 

y(o)V(^ + t))V(t.-i>) 



_2_ 1_ _^! ~?i _ll ^ ^23 I ^31 % 

ffi >" %2 %Z m Q2 fl2 "■" <^2 m 

^123 <^123 '>'^123 t'123 '^KK Pl2S <^''123 V' 



123 <^123 '>'123 ^^123 "'^123 "123 «''123 "123 

+ 



Ci2 (^ ^2, m 5i2 f& 



Q2 m Q2 m <\2 m 

<^123 "123 "^123 "123 "'123 "123 

= (^ _ _^y_^ _ _f_) _ (^_^ _ _|.y^ _ _^^ 

\ o3>i23 "123'^^ =3'123 "123''^ ^^123 "123''^ ^ ^123 "123''^ 

"T V 'a 2 ^2 J\ ^2 fP J ' 
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now we have proved (Section XIII) that 

hence ii r, s,t denote 1, 2, 3, in some order, we have, the function %(m) being, 
as before stated, derived from ^133 (w), 



P V 



("■l:i:)|f;|=^J-*-2s<.'-'-/-'[...+M=.)], 



thus, in the notation previously explained, 

M M M^^ (0 ) S-123 (^^ + V) ^123 (w — v) 

= 2(a2 — %)[«? G+ axF+ Gr\\_A + Ba^a^ + Ca|a| + -Faaorg {a^ + cts) 

where the sign of summation refers to the three suffixes a^, a^, a^, to be taken in 
cyclical order, 

= {a^ — a,){a, — a,){a^ — a^)\_HF — BG — GA + Q'} , 

as can be immediately verified ; now we have seen (Section VII) that 

where ;i? Jf^ = P' (a,.) = {a^ — as)(<*r — ^0 j 

hence 

<ym(MH-^)o'ia3('^ — ^) _ (^3 — <^z)i<^3 — %)(«2 — <^i) S-^ (0) 3-183 (^ + v) S-ia3 (w — •^) 

<y'm («) <jf23 (^) ^? ^i ^i 3I23 («) »f23 («) 

i fiif,i/ 3 ^'(0)^miu + v)^m{u—v) . 

(aa— «3)(«3 — «i)(«i — «2) ^123 (w) S-^as (w) ' 
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thus, finally, 

"133 K"') "^las \P) 

— i^zs {y) — <Psi («)] [Fu («) — 9n (^)] 

+ [Fj2 (w) — j?j. (^?)] fe {U) — F23 («)] • 

Other cases can be similarly worked out. In accordance however with the 
results enunciated by Weierstrass, Crelle LXXXIX (1880), every p + 1 of the 
functions ipij{u) are connected by an algebraical equation, which is in fact not difficult 
to obtain. It becomes therefore proper to investigate the modifications following 
from the introduction of these algebraical equations. For the present paper it 
is sufficient to have investigated a method whereby the actual equations can 
always be calculated. 

Cambridgbi, September 10, 1897. 



